STATISTICAL MECHANICS LECTURE 1 - STATISTICAL BASIS

The Statistical Basis of
Thermodynamics

Statistical Mechanics - Lecture 1

From an impossible microscopic description to a few stable macroscopic laws

THE QUESTION

A gas contains roughly 10?3 particles. Its microscopic state is fantastically complicated, yet
its pressure and temperature are simple and reproducible. Why?

Statistical mechanics answers by changing the object of study. We do not try to predict
one microscopic history. We count how many microscopic realizations are compatible
with a macroscopic condition. The overwhelming multiplicity of some macrostates makes
macroscopic behavior predictable.

Before we begin: why statistics?

Thermodynamics was built first as a theory of macroscopic laws: energy conservation, heat,
work, entropy. Kinetic theory asked a different question: can those laws arise from the motion
of atoms and molecules? Boltzmann’s decisive step was to connect the two levels. The bridge is
not a detailed trajectory; it is a count.

There is an apparent paradox here that will recur throughout the course:

microscopic world statistics macroscopic world

many degrees of freedom few stable variables
uncertainty below, predictability above

The purpose of this lecture is to make that arrow precise.

1.1 Macroscopic and microscopic states

A simple isolated system is described macroscopically by a few numbers, for example
(E,V,N).

This is a macrostate. It says nothing about which particle is where, which way it is moving, or
which quantum state is occupied.

A microstate is one complete microscopic realization compatible with the macrostate. The
same (E,V,N) can correspond to an enormous number of microstates. Denote that number by

Q(E,V,N).

This quantity will be the central object of Lecture 1.
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one macrostate (E,V,N)

many microstates; the macrostate does not specify which one

Statistical mechanics begins by grouping microscopic states according to the macroscopic data they share.

The thermodynamic limit

Macroscopic matter is large in a special way. We take
N — oo, V = o0, n=N/V fixed.

In this limit, extensive quantities such as E, S, V, N grow with the size of the system, while
intensive quantities such as T, P, n remain finite.

The distinction matters because fluctuations typically grow more slowly than the quantities
themselves. A quantity of order N can therefore become sharply predictable even when its
microscopic origin is random.

A first counting example

Take N distinguishable two-level objects with energies 0 and €. If m are excited, then
N
E = me, Q(N,m) = (m)

For N =10and m = 5,

Q= (150) =252,

For large N at half filling, Stirling’s formula gives
1 N

Thus Q grows essentially as 2V,

There is a second lesson. If we look across all possible m, the multiplicity is enormously
concentrated around m = N /2.
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For N = 40, the multiplicity is already sharply concentrated near half filling. Large numbers create sharp
macroscopic behavior.
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Near the maximum, the width in m is of order \/ﬁ , while the mean is of order N. Thus the
relative width is of order N~1/2. This concentration is the basic reason a macroscopic system
can be predictable without being microscopically predictable.

Equal a priori probabilities

For an isolated system, suppose the macroscopic constraints are known but the microscopic
state is not. The microcanonical postulate assigns equal probability to every accessible mi-
crostate compatible with those constraints:

1

" Q@E,V,N) b

Pr

The word accessible is essential. Equation (1.1) does not say that every conceivable state is
equally likely; only those satisfying the imposed constraints enter the count.

1.2 Contact between statistics and thermodynamics

Now let two large systems exchange energy through a weak thermal contact. Their volumes
and particle numbers remain fixed, while

E® =FE, +E,

is conserved.

<«energys
Ay Ay

(EI’VI’NI) (E25V25N2)

The two systems exchange energy, but the composite system remains isolated.

If A, has energy E,, then A, has E, = E© — E,. Because the systems are weakly coupled, a
microstate of the composite system is a choice of one microstate of A; and one of A,. Therefore

Q(O)(El) = Ql(El)Qz(E(O) — Ey).

The most probable division of energy maximizes this product. It is easier to maximize its
logarithm:

4 [InQ(E;) + In Q,(E® — Ep)] = 0.
dE,
<6anl> _ <aln92> ' (1.2)
aEl Vl,Nl aEz VZ,NZ

_(dInQ
p=(5h )V,N.

Then equilibrium means simply 3; = 8,.

Since dE,/ dE; = -1,

Define
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Thermodynamics says that the quantity equalized by thermal contact is temperature. Since

(3_5) _1
OE )y N T

Eq. (1.2) has exactly the thermodynamic form if

|S(E,V,N) = kg InQ(E, V,N).| (1.3)

Thus § = 1/(kgT); when kg = 1, 8 = 1/T.

WHAT HAS HAPPENED?

Temperature has not been inserted into the microscopic theory. It appears as the derivative
of a state count. Two systems are at the same temperature because moving a small amount
of energy between them no longer increases the total number of accessible microstates.

Why equilibrium is sharp

The argument above finds the maximum. For a macroscopic system we also need to know that
the maximum dominates. Write

P(E;) « Ql(E1)Qz(E(O) — Ey).

Near the maximum E, expand the logarithm:

2
lnP(El) =~ lnP(El) + % d lEl:lzP (El —E1)2.
1 E,

The curvature is negative, so the distribution is approximately Gaussian. Because entropy is
extensive, the width grows only as \/N , whereas E; ~ N. Hence relative energy fluctuations
vanish as N~1/2, Lecture 3 will calculate this result exactly.
Why the logarithm?
There is also a structural reason for Eq. (1.3). Independent systems multiply state counts,
Q1 = Uy,
while thermodynamic entropy adds,
Sp=58+8S,.
The logarithm is precisely the map that turns products into sums:
In(QQ,) =InQ; +InQ,.

This is why entropy is logarithmic.

The second law as a statement of probability

For an isolated composite system, macrostates with larger Q occupy a larger fraction of the
accessible microscopic possibilities. Starting from an atypical low-multiplicity macrostate, the
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system will therefore almost certainly be found later in macrostates with larger multiplicity.
Since S = kg In Q, this means
AS >0

with overwhelming probability for a macroscopic system.

This is the statistical content of the second law. It is not that microscopic mechanics has an
arrow of time: Hamiltonian or quantum dynamics is reversible. The arrow appears because
the set of high-entropy microstates is incomparably larger than the set of low-entropy ones.

ORDER AND DISORDER

“Disorder” is useful only if it is made quantitative. In statistical mechanics it means this:
a macrostate is less predictable microscopically because it can be realized in more ways.
Entropy measures that multiplicity.

1.3 The thermodynamic fields emerge from S(E,V,N)

Energy exchange gave temperature. The same logic works for volume and particles.

If the wall can move while V; + V, remains fixed, maximizing the total multiplicity gives
(6111(21) _(61nQ2>
oVy /g N, Vy Jgn, ’

If particles can pass through the wall while N; + N, remains fixed, it gives equality of dy In Q.

The thermodynamic identity
dE=TdS —PdV + udN

can be solved for dS:

1 p )2
dS—TdE+TdV TdN. (1.4)
Therefore
1_ (5_5) o P_ (5_5> LB (5_5) . (1.5)
T aE V.N T av E,N T aN EV

These are the three intensive fields conjugate to the three extensive variables E, V, N.

Once Q(E,V,N) is known, the recipe is complete:
Q— S=kglnQ — T, P, u.

Statistical mechanics has become thermodynamics.

Equivalent energy representation

Sometimes it is more convenient to regard energy as E(S,V, N). Equation (1.4) then becomes

dE = TdS — PdV + udN,

0E 0E OE
<as>v,N’ (av)s,N’ : <aN>s,V

so directly
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The entropy and energy representations contain the same information; one simply chooses the
variables best adapted to the problem.

Euler relation and thermodynamic potentials

For a homogeneous macroscopic system, doubling (S, V', N) doubles E. More generally,
E(aS,aV,aN) = aE(S,V,N).

Differentiate with respect to o and set a = 1:

dE _8E  OE
E=S—c+Var +Noo

Using the three derivatives above gives Euler’s relation,

E =TS — PV + uN. (1.6)

The standard thermodynamic potentials are then
A=E-TS, G=E-TS+PV, H=E+PV.

For a one-component homogeneous system, Eq. (1.6) gives G = uN.

At fixed N, 5 5
E H
e =(5) =(5),

These relations will become concrete in the ideal gas.

1.4 The classical ideal gas: thermodynamics from geometry

A monatomic ideal gas has no interaction energy:

N .2
p;

o 2m
The positions are free to explore the container, while the momenta are constrained by the fixed
total energy. This factorization already reveals most of the thermodynamics.

Volume dependence gives the equation of state

Each particle can be anywhere in volume V, so the positional part of the state count is VV.
Thus
Q(E,V,N) « VN F(E,N).

£_<@_S) _N
T \oV/)gy V’

)

Immediately,

SO

in units kg = 1.

This is worth pausing over: the ideal-gas law follows before we perform the difficult energy
count. It comes simply from the independence of particle positions.
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A scaling argument gives P = 2E/(3V)

The one-particle levels in a cubic box of side L = V1/3 scale as

1
Ex —xV™
1.2

Consequently, for fixed N the state count can depend on E and V only through the combination
V2/3E:
S(E,V,N) = S(V¥3E,N).

Along a reversible adiabatic change, S and N are fixed, so
V2/3E = const.

and therefore E « V~2/3. Hence

P__(a_E) _2E
- \av/gy 3V°

Combining this with Eq. (1.7) already gives

E= %NT. (1.8)

So the full state count is not needed to obtain the equation of state or the mean energy. The
count is needed to obtain the entropy itself.

Counting momentum states: a 3N-dimensional sphere

For a particle in a cubic box,
2

= Sml2

(n +ny +n3).

For N particles,
3N
V2/3
Y=

Thus the allowed integer points lie near a sphere in 3N dimensions. The high-dimensional
problem is the same geometric problem as counting lattice points inside a circle in two dimen-
sions.

lattice points

2 volume

At large quantum numbers, counting discrete states becomes a geometric volume problem. In 3N dimensions
the circle becomes a hypersphere.
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It is cleaner to count the cumulative number Z(E) of states with energy below E. For a d-
dimensional ball,

L/Z R4,
rd/2+1)
With d = 3N and momentum radius R = 4/ 2mE, the labelled-particle cumulative count is

VN 2nmE)3N/2
WNTGEN/2+1)

Va(R) = (1.9)

Zpap(E) = (1.10)

The number in a thin shell [E, E + AE] is
az“lab
0E

For a macroscopic system, In ¥ and In Q differ only by terms of order In N. They give the same
thermodynamics to leading order in N.

Qlab (E) =~ AE.

Where the hypersphere formula comes from

The formula (1.9) is not magic. Consider the d-dimensional Gaussian integral

d
1
Idzf exp —EinZ d?x.
Rd i=1

As a product of one-dimensional Gaussians,
I; = (2m)d/2,

In spherical coordinates the same integral is
o]
I;=S;_,(1) f e~ /2pd=1dr = §,_1(1)24/2711(d /2).
0

Equating the two forms gives
277.'d/2

r(d/2)’
and integrating the surface area from 0 to R gives Eq. (1.9).

Sq-1(1) =

This short calculation is useful far beyond the ideal gas: high-dimensional spheres and Gaus-
sians are two faces of the same geometry.

The provisional entropy

Taking the logarithm of Eq. (1.10) and using Stirling’s formula gives, to extensive accuracy,

+ %N. (1.11)

)4 (47rmE>3/ ?

Slab ~ Nln 3 3N

This formula is deliberately labelled provisional. It already gives the correct P, E(T'), and heat
capacities, but it is not extensive. That defect will reveal a missing piece of the counting.

From Egs. (1.7) and (1.8),

3 5 5
Cv—EN’ H_E+PV_§NT, CP—EN.
Each translational quadratic degree of freedom contributes T /2 to the energy; Lecture 3 will
derive this as the equipartition theorem.
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Isothermal and adiabatic changes

At fixed T and N, the energy E = 3NT /2 is constant. From Eq. (1.4),

Vi

Vi P
AS = = =NI1
S [/ T dV =NIn 7

For a reversible adiabatic change, S and N are fixed. The scaling result V*/3E = const. gives
TV?2/3 = const., PV>/3 = const.

for a monatomic ideal gas.

1.5 The entropy of mixing and the Gibbs paradox

Now the provisional entropy (1.11) tells us something is wrong. Under (E,V,N) +—
(aE,aV,aN) it does not transform as S +~— aS. The culprit is a term proportional to
NInN.

The same problem appears more vividly in mixing.

gas1 gas2 mixed

N, V, N,,V, V=V, +V,

Removing the partition increases the volume available to each species. For different gases this is a real new
macrostate; for identical gases it is not.

For two different ideal gases initially at the same temperature,

|4 |4
ASmiX = N1 In V_l + N2 In 72 > 0. (112)

For equal initial densities, V;/V = N;/N, so
N N
ASmix = Nl ln Fl +N2 ln N_2
This is physically correct when the gases are different: after mixing, each species has access to
a larger volume.

But now suppose the two gases are identical. Removing the partition changes no observable
macrostate. Reinserting it restores the original description without sorting molecules. The
process is reversible, so thermodynamics demands AS = 0. Equation (1.12) would still predict
a positive value. This is the Gibbs paradox.

1.6 Correct enumeration of identical particles

The paradox tells us exactly what was overcounted. Identical particles do not carry permanent
physical labels. Exchanging particle 1 and particle 2 does not create a new state of the gas. In
the dilute classical limit, the labelled description counts every physical arrangement N! times.
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Therefore the semiclassical count for identical spinless particles is

1
Q(E,V,N) = Wf d3Ng d3Np. (1.13)
: E<H<E+AE

The two factors have different meanings:
« h3N converts a phase-space volume into a dimensionless number of quantum states; Lecture
2 will explain why one canonical pair contributes a cell of area h.

« N!removes permutations of identical particles.

For the ideal gas, divide Eq. (1.10) by N!. Using

InNI~NInN-N,  InIGN/2+)=2tm 3 -3
we obtain the Sackur-Tetrode entropy
3/2
V (4mrmE 5
S=N IH(N (W) ) + El (kB = 1). (1.14)

Now S is extensive. Under (E,V,N) —— (aE,aV,aN), the two ratios V/N and E /N remain
unchanged, so S —— «aS.

Using E = 3NT /2 and

2mrmT

S=N|ln v +
N2,

The chemical potential follows from Eq. (1.5):

Eq. (1.14) becomes

5
5| (1.15)

— as — 3 _
u=-T <5N>E,V = T In(niy), n=N/V.

In the classical regime nxl; < 1,50 u < 0. The Helmholtz free energy is
A=E-TS=NT[In(n13}) —1].
For two samples of the same gas, the N! terms supply exactly the combinatorial correction

that cancels the apparent mixing entropy. For different gases, no such cancellation occurs. The
paradox is resolved because the counting now matches what is physically distinguishable.

THE LECTURE IN ONE SENTENCE

Macroscopic thermodynamics emerges because a few macrostates correspond to over-
whelmingly many microstates; entropy is the logarithm of that multiplicity, and the ther-
modynamic fields are its derivatives.

10
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Lecture 1 in one page

1. Macrostate and microstates

A macrostate (E,V,N) is realized by
many microstates. Their number is
Q(E,V,N). The thermodynamic limit
makes the dominant macroscopic
behavior sharp.

3. Equilibrium is a maximum

For weakly coupled systems, Q;, = Q;Q,.
Equilibrium maximizes this product. The
relative width around the maximum van-
ishes as N~1/2,

5. Thermodynamic fields

_de P )%
dS_T"-TdV_TdN'

The derivatives of S(E,V,N) are 1/T,
P/T,and —u/T.

7. Gibbs paradox

Labelled-particle counting is not exten-
sive and predicts spurious entropy when
identical gases mix. The problem is over-
counting permutations.

LECTURE 1 - STATISTICAL BASIS

2. Equal a priori probability

For an isolated system, accessible mi-
crostates compatible with the constraints
are assigned equal probability, p, = 1/Q.

4. Boltzmann entropy

SZkBan.

The logarithm turns multiplication of in-
dependent state counts into additivity of
entropy.

6. Ideal-gas geometry
VN gives PV = NT. The momentum
hypersphere gives the E3N/2 dependence
and hence E = 3NT /2.

8. Correct classical count

1
Q:—f d3Ng d3Np.
N1h3N shell

The N! handles indistinguishability; A3
is the quantum phase-space cell.

Unless stated otherwise, formulas use kg = 1. The notation Q(E, V, N) denotes the number of states in
a narrow energy shell; cumulative counts are denoted by X(E).

11



STATISTICAL MECHANICS LECTURE 2 - THEORY OF ENSEMBLES

Theory of Ensembles

Statistical Mechanics - Lecture 2

Phase space, Hamiltonian flow, Liouville’s theorem, and the meaning of one state

THE QUESTION

Lecture 1 counted microstates. But what, mechanically, is a microstate? How does it move?
And why is a uniform distribution over the allowed states compatible with Hamiltonian
dynamics?

The answer is phase space. A microstate is a point; mechanics moves the point; an ensemble
is a cloud of such points. Liouville’s theorem tells us how that cloud can move without
changing its local phase-space volume. Quantum mechanics finally supplies the size of
one state: one cell of area h per canonical pair.

2.1 Phase space: the geometry of a microstate

For N particles in three dimensions, a classical microstate is specified by 3N positions and 3N
conjugate momenta:

I'=(q1, 93N} P1> - Pan)-
It is therefore one point in a 6N-dimensional space called phase space. The volume element is

dr = d3Ng d3p.

Hamilton’s equations determine how the point moves:
. OH . 0H
4 = 5_p, bi = —a—qi,
Thus (g, p) is a velocity field in phase space.

i=1,..,3N. (2.1)

If the Hamiltonian has no explicit time dependence,

dH_aH+Z(6_H. 0H ):o,

@ o T 4\ag it ap P

because the two terms in the sum cancel by Eq. (2.1). A trajectory therefore remains on the
constant-energy hypersurface H(q, p) = E.

One concrete example

For a particle in a uniform gravitational field,

. Py +py +p;

m + mgz.
Hamilton’s equations give
X=& y=& Z=& Hh, =D, =0 N, = —m
'’ o m’ bx =Py =0, Pz 8-

Newton’s law is therefore already encoded as motion through phase space. Statistical mechanics
does not replace mechanics; it reorganizes it.
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From one trajectory to an ensemble

A single system traces one trajectory. An ensemble is an imagined collection of many copies
prepared with the same macroscopic data but different microscopic states. Instead of one point,
we have a distribution of points.

one trajectory an ensemble

Mechanics follows a point. Statistical mechanics follows a distribution of possible points.

Let p(g, p,t) be the normalized phase-space density. Then

e(q, p,t)dTl’

is the probability of finding an ensemble member in the small volume dTI’, and

fde‘zl.

The ensemble average of an observable f(q, p) is

Uﬂﬂ=ff@mm@mﬁﬁﬂ- 2.2)

Time averages, ensemble averages, measurements

A laboratory usually observes one system over time, not infinitely many copies. For one trajec-
tory,

7=gg%ffwmma
0

If the relevant dynamics is ergodic, the long-time average equals the ensemble average for the
observables of interest:

f=-

This is the practical bridge to experiment.

. ergodicity
one trajectory ————————— time average f —— ensemble average (f)

The important qualification is that ergodicity is not guaranteed for every Hamiltonian system.
It is a property or approximation whose validity depends on the dynamics. Ensemble theory
itself does not require the literal statement that a trajectory visits every point of phase space.
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2.2 Liouville’s theorem: phase-space fluid is incompressible

The ensemble density evolves because phase points flow. Consider any fixed region w of phase
space. The number of ensemble members inside can change only by flux through its boundary:

0
— dez—gs pv-fdo,
ot 4] dw

where v = (g, p) is the phase-space velocity. The divergence theorem gives

9 dez—fVF-(pv)dF.
ot J, 3
Because the region w is arbitrary,
0
a—f +Vp - (pv) = 0. (2.3)

This is simply the continuity equation, now in 6N dimensions.

Expand the divergence:

Vr'(PU)=Z<a_pqi+a_ppi)+pz(%+%)

~ \dg; op; ~\0dq; Op;
The second sum is the divergence of the Hamiltonian flow. From Eq. (2.1),
dq;  8°H op;  9°H
5_qi - 9q,0p;’ a_Pl - _5Piaql"

They cancel term by term:

e

Hamiltonian flow is incompressible in phase space.

Using the Poisson bracket

0A 0B J0A OB
A,B} = —_———
4,5} Z<a% op; 9p; a%>’

i

Eq. (2.3) becomes

0
P o, HY =0, (2.5)
ot
Along a moving phase point,
do OJp
-~ _F H},
so Eq. (2.5) is equivalent to
dp
— =0. 2.6
i (2.6)
O{MMO
w(0) w(t)

Volw(t) = Vol w(0)

The phase-space cloud may stretch and fold, but its volume is preserved.



STATISTICAL MECHANICS LECTURE 2 - THEORY OF ENSEMBLES

TWO DERIVATIVES THAT MUST NOT BE CONFUSED

Equation (2.6), dp/ dt = 0, means that the density carried with a moving phase point is
constant. It does not by itself mean that dp/dt = 0 at a fixed location. The latter is the
stronger condition that the ensemble is stationary.

Stationary distributions

For a time-independent Hamiltonian, any density of the form

p(q, p) = F[H(q, p)]

is stationary because
{F(H),H} = F'(H)}{H,H} = 0.

More generally, any function of constants of motion is stationary. The microcanonical ensemble
is the simplest example; the canonical ensemble of Lecture 3 is another.

2.3 The microcanonical ensemble

An isolated system has fixed (E, V, N). In classical mechanics the exact surface H = E has zero
volume in the full phase space, so it is often useful to imagine a thin shell

AE AE
E—T<H(q,p)<E+7.

Every accessible point in that shell is assigned equal weight.

p

/——\ energy shell

In two dimensions the energy shell is an annulus. In a many-particle system it is a thin region around a

(6N — 1)-dimensional energy surface.

Define the phase-space density of states

w(E) = / dr' 6[H(q, p) — E].

Then a thin shell has volume w(E)AE, and the normalized microcanonical density is

S[H(q, p) — E]
w(E) ’

Because this density depends on (g, p) only through H, it is stationary by Liouville’s theorem.

Pmc(q; p) = 2.7)
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WHAT LIOUVILLE’S THEOREM DOES — AND DOES NOT - PROVE

Liouville’s theorem shows that a uniform density on the allowed energy shell remains
uniform under Hamiltonian evolution. It therefore makes the microcanonical distribution
dynamically consistent. It does not, by itself, prove the equal-a-priori-probability postulate.
The latter is the statistical input; Liouville tells us that mechanics preserves it.

The microcanonical average of an observable is

1

<f>mc=@

f dr' f(q, p)é[H(q, p) — E]. (2.8)

What is actually being averaged?
There are three levels that are easy to mix up:

« a trajectory is the history of one microscopic system;
« an ensemble is a probability distribution over allowed microscopic states;

« a measurement is a macroscopic quantity whose reproducible value is represented by an
ensemble average (or, under suitable dynamical conditions, a long-time average).

The ensemble is therefore not a second physical system. It is the mathematical representation
of incomplete microscopic information.

2.4 How many states fit in a phase-space volume?

A classical phase-space volume has units. It cannot yet be a number of states. We need a
fundamental cell w, so that

accessible phase-space volume
wWo )

~

The original lecture postpones the value of w, and then discovers it from quantum mechanics.
We will do the same.

First example: the ideal gas

For an ideal gas,

The positions contribute V. The momentum constraint H < E is a ball in 3N dimensions of
radius v 2mE. Therefore the cumulative phase-space volume is

(2rmE)3N/2
OE)=VN"T"TT . 2.9
(E) T(3N/2+1) (2:9)
The shell volume is w(E)AE with
w(B) = 02— yn @I Ly
E)G; T'(3N/2)
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Lecture 1 counted the same states using the integer quantum numbers of a particle in a box.
The two calculations have the same dependence on V' and E. Matching their absolute counts
will tell us the fundamental cell.

Second example: one harmonic oscillator

For
2

p 1
H(q,p) = > + zmwzqz’

the constant-energy curve is an ellipse. Its semiaxes are

2E
Qmax = ok Pmax = V2mE
maw
Hence the area enclosed by the orbit is
2nE
A(E) = TTdmax Pmax = T (2.10)

Quantum mechanics gives
1
E, = (n + 5) how, AE = how.

The phase-space area added when we pass from one quantum level to the next is therefore

A = %’AE —27h =h. 2.11)

p

NS

Equally spaced oscillator energies become equally spaced areas in phase space. One quantum state occupies one
area h.

This is the cleanest one-dimensional derivation of the elementary phase-space cell. For f
canonical pairs, the semiclassical rule is one state per volume h/.

2.5 Quantum states and the phase-space cell

The uncertainty principle tells us why a quantum state cannot be arbitrarily localized in phase
space:

NS

AqAp >
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This fixes the scale. The oscillator calculation above fixes the exact semiclassical counting
factor: one state per area 27/ = h for each canonical pair.

Therefore, for a region R in a phase space with f canonical pairs,

number of states in R ~ h_lf f dfq dfp. (2.12)
®

For N particles in three dimensions, f = 3N. For identical particles in the dilute classical limit
we must also divide by N, as established in Lecture 1:

w(E)AE

(2.13)

Now the classical phase-space volume has become an actual state count.

WHAT h IS DOING HERE

Planck’s constant is not added as a decorative unit conversion. It says that the continuum of
classical phase space cannot be resolved into physically distinct quantum states below a fi-
nite cell size. The state count in statistical mechanics is therefore quantum at its foundation,
even when the subsequent motion is treated classically.

A useful side example: electromagnetic modes

For a photon, p = hk = hw/c. In a volume V, the number of wave-vector states in a shell k
to k + dk is the shell volume divided by the elementary k-space cell (277)3/V. Including two
polarizations,

AN podes = 22—47rk2 dk = — 0 do.
T

The same phase-space counting idea will later underlie blackbody radiation.

2.6 The conceptual chain

The lecture can now be read as one continuous argument:

microstate — phase-space point — Hamiltonian flow

— Liouville theorem — stationary ensemble — state count

Mechanics tells us how individual states move. Liouville’s theorem tells us how a distribution
of states may move. The ensemble specifies which states are weighted. Quantum mechanics
tells us how much phase-space volume constitutes one distinct state.
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Lecture 2 in one page

1. Phase space

A classical microstate is one point I' =
(g, p) in a 6N-dimensional phase space.
Hamilton’s equations give its velocity and
trajectory.

3. Liouville theorem

dp do

ot dar
Hamiltonian phase-space flow is incom-
pressible.

+{p,H} =0, 0.

5. Microcanonical ensemble
An isolated system is uniform on its en-
ergy shell:

_ 8(H - E)

7. Semiclassical counting

! N shell

This is the geometric form of the counting
used in Lecture 1.

~

LECTURE 2 - THEORY OF ENSEMBLES

2. Ensemble

o(q, p, t) is a distribution of possible mi-
crostates. An observable has ensemble av-
erage

= [ foar.

4. Stationary is different

dp/dt = 0 follows from mechanics. A
stationary ensemble additionally satisfies
dp/ot = 0; for example p = F(H).

6. One state has finite phase-space vol-
ume

The harmonic oscillator gives AA = h
between adjacent quantum levels. Hence
one canonical pair contributes one quan-
tum cell of area h.

8. Physical meaning

An ensemble is not a new force or a sec-
ond copy of nature. It is the probability
description of microscopic states compat-
ible with what we know macroscopically.

volume of a thin shell.

The notation w(E) denotes phase-space volume per unit energy on the surface H = E; w(E)AE is the
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The Canonical Ensemble

Statistical Mechanics - Lecture 3

From the Boltzmann weight to fluctuations, equipartition, oscillators,

paramagnetism, and negative temperature

THE THREAD OF THE LECTURE

The microcanonical ensemble fixes the energy exactly. The canonical ensemble replaces
that hard constraint by contact with a heat bath. The reward is considerable: a single
function,

QN(T, V) = Y e FEr,

contains the thermodynamics. Its derivatives give the mean energy, pressure, entropy,
response functions, and fluctuations. The same structure explains why the canonical and
microcanonical ensembles agree for macroscopic systems, and it gives a direct route to
classical gases, harmonic oscillators, paramagnets, and even negative temperatures.

Convention. Unless stated otherwise, we set kg = 1, s0 8 = 1/T and temperature has units of
energy. To restore kg, replace 8 by 1/(kgT).

Notation. Only equations that we use again are numbered; intermediate algebra is deliberately
left unnumbered so that the main line remains visible.

3.1  Heat reservoir = Boltzmann weight.

3.2  Many copies = the same distribution by maximum multiplicity.
3.3  Qu asa generator of thermodynamics.

3.4  Degeneracy, density of states, and the Laplace transform.

3.5  Classical phase space and the ideal gas.

3.6  Energy fluctuations and equivalence of ensembles.

3.7  Equipartition and the virial theorem.

3.8  Classical and quantum harmonic oscillators.

3.9  C(lassical and quantum paramagnetism.

3.10 Negative temperatures and bounded spectra.
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3.1 Equilibrium with a heat reservoir

MAIN IDEA

A heat bath does not fix the energy of the system. It fixes the price of energy: every microstate
of energy E, is weighted by e #Fr,

Consider a small system A in thermal contact with a much larger reservoir R. The combined
object A + R is isolated, with fixed total energy &. If the system is in microstate r with energy
E,, the reservoir has energy

Er =&y —E,.

All microstates of the isolated composite are equally likely. Once the microstate r of A is
specified, the number of compatible states of the reservoir is Qz(&, — E,). Hence

Pr QR(SO - Er)-

RESERVOIR R energy exchange

—— | systemA | —

A macroscopic reservoir exchanges energy with the system while its temperature changes negligibly.

Ce>C,

The reservoir is large and E, < &,. Expand its entropy, Sg(Er) = In Qr(ER), about &:

dSk
3R |,

= Sp(Eo) — BE, + -,

Sr(Eo — Ep) = Sr(&o) —

E, + O(E})
0

where equilibrium thermodynamics identifies

g (dSR) 1
0By, N, T

Exponentiating,
Qr(Ey — E,) = Qp(&y)e~PEr.

The factor Qz(&,) is common to every state and disappears on normalization. Thus

e_BEr
pr = Qn(T, V) =Y e FEr| 3.1)

Qv |

Qy is the canonical partition function.

Equation (3.1) is the central statistical rule of the canonical ensemble: once the energy levels
are known, every equilibrium average follows from these weights.

The approximation becomes exact in the thermodynamic reservoir limit. To see what controls
the error, differentiate once more:

J (1 1
SZ(ER) = E(f) = _TZCR.
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The first neglected term is therefore —E? /(2T2Cy). A macroscopic bath has Cy « N, so this
correction vanishes when a finite system exchanges a finite amount of energy with an extensive
reservoir.

What changed relative to the microcanonical ensemble?

In the microcanonical ensemble, only states with one fixed energy are allowed. In the canonical
ensemble, all energies are allowed, but high-energy states are exponentially penalized. The
energy is therefore a random variable; temperature, volume, and particle number are fixed.

3.2 The canonical ensemble from many copies

The same distribution can be obtained without explicitly introducing a physical reservoir.
Imagine V' > 1 independent copies of the same system. Let n, copies occupy microstate r.
Then
din,=N, Y. mE =E=NU.
r r

For a given set of occupation numbers {n,}, the number of ways of assigning the N distinguish-

able copies to the states is
N!

IT, n!
For large V, the overwhelmingly dominant distribution maximizes In W. Stirling’s formula
gives

W{nr} =

anlenN—anlnnr.
r

Maximize under the two constraints using multipliers o and f3:

@zan—aan—ﬁzanr.
r r

Stationarity yields
O—a—q)——lnn —1—a—-pE
~ on, r "
SO
n, = Ce P,
The second variation is negative,
1« (6n,)?
InW~—= ! 0
n > > <0,

r

so the stationary distribution is indeed a maximum of the multiplicity. Normalization deter-
mines C:

n_ e
N > e—BE;
In the limit N* — oo, n, /N is the probability p,. We recover the canonical distribution.

WHY THE MOST-PROBABLE DISTRIBUTION IS ENOUGH
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The multiplicity is exponentially sharp in V. Macroscopically different occupation distri-
butions have exponentially smaller weight. The canonical law is therefore not merely the
maximizer: it describes almost all copies in a large ensemble.

The multiplier § is fixed by the mean-energy constraint. Comparison with the reservoir deriva-
tion identifies the same § = 1/T.

3.3 The partition function as a thermodynamic generator

MAIN IDEA

Qy is not just a normalization constant. Its logarithm is the generating function for canoni-
cal thermodynamics.

The mean energy is

U = (B) = % > e FE

__ 1%y __9
“TQves eV
Thus
__aanN
T (3.2)

Now compare this statistical identity with the thermodynamic relation for the Helmholtz free
energy,
A=U-TS, dA =—-SdT — pdV + udN.

Since 8 =1/T,
o_(ay Laem
01/T)\T Jyn el '
But Eq. (3.2) says that SA and — In Q, have the same § derivative, so thermodynamics deter-
mines A = —In Qy + C(V, N). The remaining term is the usual additive entropy convention.

The statistical entropy calculation below fixes the same state-counting convention and gives
C = 0. Thus

\A(T, V,N) = -TInQu(T,V,N) \ (3.3)

A second derivation, obtained below from S = — Zr p,In p,, gives Eq. (3.3) immediately
through A = U—TS. Seeing both routes is useful: one is thermodynamic, the other probabilistic.

Once A is known, ordinary thermodynamics gives

S
~\er),y P \av)., HT\aN).,

oV Jrn

Equivalently,
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The statistical meaning of this derivative is worth seeing once. If a mechanical parameter 4
changes the energy levels smoothly,

9A _ ;19
94 " Qy o1
- L aEre_BEr — <a_H> .
Qn &/ 94 oA
Thus the generalized force conjugate to 4 is
0A 0H
xi=—57 == (51);

For A =V, this is precisely p = —Ay,.

Entropy from probabilities
Using p, = e % /Qy;,

—Inp, = BE, + InQy.
Average over the ensemble:

U-A
=2, pInp, = U +InQy = —— =5.
.

Hence

S = _Zpr ll’lp,. - (3-4)
r

Together, Egs. (3.1)—(3.4) are the minimal canonical toolkit: probabilities, energy, free energy,
and entropy.

This formula reduces immediately to the microcanonical result. If Q states are equally probable,
pr =1/Q,then S = In Q.

At T — 0, a unique ground state gives p, — 1 and S — 0. If the ground state has degeneracy
8o, the limiting entropy is In gy; the usual third law corresponds to the nondegenerate case, or
to degeneracy removed by an arbitrarily small physical perturbation.

Useful response identities

Because U = A — T(8A/dT)y v,
c _(6U> _ T(azA)
v=\3+ =7\ 572 )
T )y x or? ),

G=A+pV=A—V<a—A> .
T,N

And since p = —Ay,

ov
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3.4 Degeneracy, density of states, and Laplace transforms

If many microstates share the same energy E;, let g; be the degeneracy. Then
gie P
Qn

Qy = D, ge Fh, P(E;) =
i

For a macroscopic system the levels are so dense that it is natural to define a density of states
p(E), for which p(E) dE counts states in an energy interval [E, E + dE]. Then

Qn(B) = f p(E)e PEAE | (3.5)
0

Equation (3.5) says that the canonical partition function is the Laplace transform of the density
of states. Formally, the inverse transform is

1 c+ico
o(E) = —— f QN (B)ePE d,

27i

1

where the contour lies to the right of all singularities.

A USEFUL DISTINCTION

The density of states p(E) and the cumulative number of states Q(E) = f b p(E")dE’ are
not the same object. Their logarithms differ only subextensively for large systems, but the
distinction matters in finite-N formulas and in exact inverse-Laplace calculations.

3.5 Classical systems and the ideal gas

For a classical Hamiltonian H(q, p), probability is assigned to phase-space cells with the
Boltzmann weight e #. For N identical classical particles the normalized probability measure
is

_ L 1 _H@p 43N, 3N
ap = Qu NN © PR dg &Np,
where
1 _
Qn = N3N /e FH@R) @3Ng d*Np .

The factor h3N turns phase-space volume into a number of quantum cells; 1/N! accounts for
indistinguishability in the Maxwell-Boltzmann regime.

The normalization factors cancel in expectation values, so for any classical observable f(q, p),

_ [ fePHdr

— 43N 43N
= T D dl = d°Vq d°"p.

P



STATISTICAL MECHANICS LECTURE 3 - CANONICAL ENSEMBLE

Ideal gas

For a monatomic ideal gas,
N .2
b;
i=1 2m

The position integral gives V. The momentum integral factorizes:

. 3
f e=Pp*/2m g3 p = (/ e—hpzi/2m dpx)
R3 —o0

= (2mmT)3/2.

Define the thermal de Broglie wavelength

S

V2mmT
Then
1(V Y
Qv =77 (—3) - (3.6)
AV

It is useful to take the logarithm before differentiating:
InQy =—-InN!+ NInV —3NInAr.

Because Ay « /2,
dl
_9InQy _3N_3 NT,
op 28 2
while Tdy InQy = NT/V. Thus Eq. (3.6) gives the ideal-gas energy and equation of state
almost by inspection.

Using Stirling, InN! ~ NInN — N,

N3,

Consequently,

NT 3 N

p= u = TIn(niy), n=y,
and 3
U = =NT, Cy = EN

The entropy is

S=—AT=N lnL'l'é-

NAY) 2

The classical Maxwell-Boltzmann treatment is self-consistent when
3
n/lT <1,

so that quantum exchange effects are negligible.
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Recovering the ideal-gas density of states

The slides also show the reverse route: start from the canonical result and recover the micro-
canonical counting. Write

VN
N!h3N

Qn(B) = Qrm)3N/2 g=3N/2 = ¢ B73N/2,

Applying the inverse transform associated with Eq. (3.5),

ygayg) = 2
CHENB) = T

we obtain

p(E) _ VN (27Tm)3N/2E3N/2_1
N3N T(3N/2)

This is the same hypersphere result that is much harder to obtain by direct phase-space geometry.
The canonical ensemble has turned the geometry into a Gaussian integral.

3.6 Energy fluctuations and equivalence of ensembles

MAIN QUESTION

The microcanonical ensemble fixes E exactly; the canonical ensemble allows all energies.
Why do they give the same macroscopic thermodynamics?

Start from Eq. (3.2) and differentiate once more. Directly,

2
2
T = e T (- B = ()= @
N N

Hence U
_ﬁ = Var(E).
But Cy, = U /3T and 6T /3 = —T?, so
Var(E) = ((AE)?) = T>Cy |. (3.7)

Equation (3.7) is the simplest fluctuation-response relation in the course: an equilibrium
fluctuation is fixed by a macroscopic response coefficient.

For an ordinary extensive system, U ~ N and C;, ~ N. Hence

o] 1
o =VVar(E) ~ \/N, FE ~—_—
VN
Absolute fluctuations grow with system size, but relative fluctuations vanish. That is the first
form of ensemble equivalence.
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The full energy distribution
The probability density for energy is

p(E)ePE
Qv

Choose a fixed microscopic energy bin AE, and write the Boltzmann entropy as

P(E) =

Sp(E) = In[p(E) AE,].
The arbitrary constant In AE,, never affects derivatives. Then
InP(E) = Sg(E) — BE — InQy.
The mode E, satisfies

39Sk

GE |, ~ P

This is precisely the thermodynamic equilibrium condition.

The density of states grows while the Boltzmann factor falls; their product selects a narrow energy window.
Curves are vertically rescaled for clarity.

For large N the peak is sharp. Expanding about E,,
1

Now use Cy, = 0E/JT, so

0 (1 1 0T 1
”E =—<—>=———=— .
Sp(E) 0E\T T2 0E T2Cy,
Therefore
E—E,)?
P(E) ~ ! exp —( 5 ) (3.8)
\2rT2Cy, 2T%Cy

The width in Eq. (3.8) is exactly the variance in Eq. (3.7). The derivative calculation and the
geometric “sharp peak” picture are the same statement seen from two sides.
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Mean energy versus most-probable energy

For a finite system, the mode E,, and mean U = (E) need not be exactly equal. Their relative
difference is typically O(1/N), so they become indistinguishable thermodynamically.

For an ideal gas,
ELA}
p(E) xE:2 -,

so the canonical energy distribution is a gamma distribution:

N
P(E)xE2 e E/T

3N 3N
E, = (7—1>T, U==-T,

Its mode and mean are

hile
v 2 3N 2
O'E = TT .

The difference U — E,, = T is microscopic compared with U ~ NT.

Saddle-point form of the partition function

Since p(E) = %) /AE,,

Q dE exp[Ss(E) — E].

N=A_E0

The same Gaussian expansion gives

\V 27TT2CV

v g ePIS(E.) ~ BE ]

Hence

A~E, —TSy(E,) - Tln(

m>

AE,

The first two terms scale as N; the last is only O(In N) for a fixed microscopic bin. Per particle
it vanishes as In N/N.

There is no contradiction with the exact identity A = U — TS. Sy(E,.) is the microcanonical entropy at the
saddle; the canonical entropy contains the subextensive width of the energy shell.

3.7 Equipartition and the virial theorem

A canonical integration-by-parts identity

Let x; be one phase-space variable and assume the boundary term below vanishes. Then

0
0= / a_xj (xie_ﬁH) dF.
Expanding,
0= 5ijfe_ﬁHdF—‘8fxia—He_ﬁHdF.
an

Dividing by the partition integral,

10



STATISTICAL MECHANICS LECTURE 3 - CANONICAL ENSEMBLE

0H
<xia_xj> = T5” . (39)

Equation (3.9) is the parent identity behind both equipartition and the canonical virial theorem.
It is exact when the integration-by-parts boundary term vanishes. It is automatic for Gaussian
momentum variables; coordinate boundaries need care, especially hard walls.

Equipartition

If a degree of freedom enters the Hamiltonian quadratically,

H D ax?,
then SH
X— = 2ax?.
ox

Setting i = j in Eq. (3.9) gives (x 0H/dx) = T. For H D ax?, this becomes 2 (ax?) = T, or

(ax?) = g )

Each independent quadratic term therefore contributes T'/2 to the mean energy. If the Hamil-
tonian contains f independent quadratic terms and nothing else that carries temperature
dependence,

f f

U==%T Cy = =.
27 L)

For a monatomic ideal gas, f = 3N and U = 3NT/2.

The virial theorem

For particles with positions r;, momenta p;, and forces F; = p;, define
G = Z rl' . pi'

i
In equilibrium the long-time or ensemble average of G vanishes:

p’

(¢ = il 3 . F.
0=(G)= <Z mi>+ <Zr F,)
i

Thus

2Ky = (i F)|

11
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For a gas in a container, the wall force can be written as a pressure integral. A surface element
dsS exerts force —p dS, so

<Zr,~ -Fl.“’au> = —p¢ r-ds
i oV
= —pf(V -r)dV = =3pV,
1%

where the divergence theorem gives V - r = 3. This is the geometric step behind the pressure
term in the virial theorem.

For pair forces, group the terms in action-reaction pairs:

rl' Fl]+rj F]l = (ri—rj)'Fij =r,-j Fl]
Hence
Zrl' ‘Fl.int = Zrij Flj
i i<j
Combining this with the wall term and (K) = 3NT /2 gives
1

If u(r) is a central pair potential, F;; = —u’(r;;)#;;, Eq. (3.10) becomes

pV =NT—%<Zrl-ju’(rl-j)> .

i<j

Attractive interactions tend to reduce p below the ideal-gas value; repulsive interactions tend
to increase it.

3.8 A system of harmonic oscillators

Harmonic oscillators are the canonical laboratory for the crossover between classical and
quantum statistical mechanics.

Classical oscillator

For one oscillator,
2

P 1
H(q,p) = m T zmwqu.

Its classical partition function is
=, dp [ dqe
h —00 —00
1 [27mm 2

_1 T 1 _l
" h B Bmw?  Phw  hw'

12
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For N independent distinguishable oscillator modes,
Qn =q) = (Bha)™.

Therefore
A=NTIn(Bhw), U=NT, Cy=N,

and
S =N|[1 - In(fhw)].

The energy T per oscillator is exactly the equipartition result: T' /2 from kinetic energy and T /2
from potential energy.

The integrated phase-space volume below energy E is

EN
UE)= ——,
(E) N!(hw)N
while the density of states is its derivative,
EN—l
Ey= —————|
PE) = N Dty

Indeed, its Laplace transform gives Qy = (Bhw) V.

Quantum oscillator

The energy levels are

For one oscillator,

_ i e—Bhw(n+1/2)
n=0

e—,@hco/z 1
1—cPhw 2 sinh(Bhw/2)’

Lo
=
|

For N independent modes, Qy = qi‘] . The mean energy follows from Eq. (3.2):

U= Nhao coth(

> (3.11)

ﬁ’zw)

Equivalently,
U hw hw

—=—+—-—"
N 2 eﬁhw -1
The first term is zero-point energy; the second is thermal excitation.

The heat capacity is
5 eﬁhw
The two limits of Eq. (3.11) are worth deriving once. With x = fhw < 1,
x 2. x 3 Uu_ ., (ho)?
cothE—;+g+0(x), N =T+

13
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so U ~ NT and Cy, ~ N: classical equipartition is recovered. For x > 1,

U hw “x
N—T‘Fhwe + -,

so the oscillator freezes into its ground state and Cy, — 0.

3 +
3
s 27
g
~
o 1
1/2
0 += i i i i i i
0 0.5 1 15 2 2.5 3

T/(hw)

Solid: quantum result. Dashed: classical U = NT. The dotted level U /(Nhw) = 1/2 is the zero-point energy.
Equipartition is recovered for T > hw.

Microcanonical counting: the same answer again

Let R be the total number of excitation quanta above the zero-point energy:
E= N%“ + Rho.

The number of ways to distribute R identical quanta among N distinguishable oscillators is the
familiar “stars and bars” count: arrange R identical stars and N — 1 separators. Therefore

QR=<R+2]_1)-

For large R, N, Stirling gives
S~R+N)In(R+N)—RInR—NInN.

Since 0R/0E = 1/(hw),

ﬁ—a—S—iln<R+N>
" 3E  hw R )
Thus
R__ 1
N_eﬁhw—l’

and substitution into E /N reproduces the canonical result exactly in the thermodynamic limit.

3.9 Paramagnetism: classical and quantum

Consider N localized, noninteracting magnetic dipoles in a uniform field HZ. Localization
makes the dipoles distinguishable; the only statistical variable is their orientation.

14
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Classical dipoles: the Langevin function
A dipole of magnitude u at polar angle 6 has energy
E(6) = —uH cos®f.

With x = fuH,
q = / dQexcose

T
= 27[/ e*c0s0 gin 0 d6
0

! sinh x
=27 f edu =4rn ,

where u = cos 6. For N independent dipoles, Qy = qiv . The mean moment along the field is

_Olng; 1
(ug)y=T 30 —/x(cothx—;>.

Define the Langevin function
1
L(x) = cothx — —.
(x) = cothx p

Then

\M = NuL(BuH) \ (3.12)

For weak field or high temperature, cothx = x™! + x/3 + O(x?), hence L(x) = x/3 + O(x?)
and Eq. (3.12) gives

Nu? oM Nu?
M=~—=rH X =3g =37 ¢

This is Curie’s law. At low T or high H, L(x) — 1 and the magnetization saturates at N u.

1 saturation
/
L(x)
4 5

x=uH/T

The linear Curie regime crosses over to saturation when the field dominates thermal disorder.

Quantum angular momentum: the Brillouin function
For total angular momentum J, the magnetic moment projected on the field is

Mz = &rHpm, m=-J,-J+1,..,J,

15
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where ug = ehi/(2mc) in Gaussian units and

JU+1)+SS+1)—L(L+1)
+
2J(J +1)

gr=1

is the Landé factor. The energy is E,, = —gyugHm.

Define
x = fBgrupJH.
Then the one-dipole partition function is a finite geometric sum. Writing m = —J + k with
k=0,..,2J,
L (2041
. 27 Kl x eI+ DX/T _q s1nh(7x>
g =e Z e =e v = -
k=0 e —1 sinh(—)
27
Differentiation gives
M 2J +1 2J+1 1 x
N - grupJ By(x) |, Bj(x) = 57 coth( 57 x> ~ 57 coth(ﬂ). (3.13)
For x <« 1,
J+1
B](X) =~ Tx,

SO

_ N(gyup)JU +1)
xX= 3T '

This is the quantum Curie law.

ForJ = i, By 5(x) = tanh x. With g; ~ 2, the magnetic moment per spin is up tanh(BugH).
In the classical limit J — oo while gyugJ is held fixed, Eq. (3.13) reduces continuously to the
Langevin result (3.12): By(x) — L(x).

1+ J = 17
J=1
—~ J—>oo--""TTTTTTT
= g -
QE 0.5 + ///’, ,,,,
R :
0 1 2 3 4

As J grows, the Brillouin function approaches the classical Langevin function.

3.10 Negative temperature

THE ESSENTIAL CONDITION

Negative absolute temperature is possible only when the accessible energy is bounded
above. It is not “colder than zero”: a negative-temperature system is hotter than any positive-
temperature system.

16
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The cleanest example is N independent two-level moments with energies —e and +¢. The
one-particle partition function is
q, = eP¢ 4+ e7F¢ = 2 cosh(Be),
SO
Qn = [2cosh(Be)IV.

The thermodynamic functions are

A = —NT In[2 cosh(Be)],

U = —Netanh(fBe),

S = N {In[2 cosh(Be)] — Be tanh(Be)},

C = N(Be)? sech’(Be).
If e = uH, the magnetization is

M = Nutanh(SuH).

The entropy is especially transparent as a function of energy. Let
U
ma
The fractions in the upper and lower levels are (1 + u)/2and (1 —u)/2. If N, = N(1 £ u)/2,

the multiplicity is Q = N!/(NIN_!). Stirling’s formula therefore gives the bir_lary entropy

u= -1<u<l.

E__1+uln1+u_1—uln1—u
N 2 2 2 2
Now u = U/(Ne¢), so du/0U = 1/(Ne). Differentiating,
1 1 1—u
B_T_z_eln(uu)' G149

Equation (3.14) makes the sign change explicit:
U<0=>p>0, U=0=>p=0, U>0=>p<0.

At U = 0 the entropy is maximal, S = N In 2, and the temperature passes continuously from
+o00 to —o0. Increasing the energy beyond this point reduces the entropy, which is precisely
why dS/0U becomes negative.

B=0

In2 +

S/N

1 0 1
u=U/(Ne)

Negative temperature begins beyond the maximum-entropy state, where adding energy lowers the entropy.

17
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The Schottky heat-capacity peak

The heat capacity
= (Be)? sech’(Be)

vanishes both for |T| — oo and for T — 0%, and has a maximum at an intermediate |T'|. This is
the two-level Schottky anomaly: at low temperature there are almost no excitations; at very
high temperature the two levels are nearly equally populated and the energy saturates.

Schottky peak
0.4 +
Z
~
O 02+
0 ‘ : ‘ : ‘ :
0 0.5 1 1.5 2 2.5 3
IT|/e

For the symmetric two-level system the heat capacity depends only on |T|; it vanishes both at T — 0* and at
|T| - oo.

General bounded spectra near T = +c

Suppose a single localized degree of freedom has q energy levels ¢,,. Let the overbar denote the
uniform average over those levels:

_ 1 _
E==Y€, ol=e2-¢&,
q n

For |B| <« 1,
2 3

Ing,(B) =Ing—pe+ 703 -2 + e,
where x; is the third cuamulant of the infinite-temperature level distribution. For N independent
copies,

2

U _
N=e—ﬁa§+7k3+---,

S 2 3
N=11’1q—70’§+?7€3+"',
C

N = B0+ O0(8%).

The infinite-temperature state is the maximum-entropy state. If the spectrum is symmetric
about its mean, odd cumulants vanish; then S(3) is even and U/N — ¢ is odd. Without that
symmetry, those parity statements are not generally true.
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Lecture 3 in one page

1. CANONICAL LAW

Thermal contact replaces a fixed energy by an

exponential weight:
e_ﬁEr

Qn '’

br = Qn = Ze_ﬁEr~
-

2. THERMODYNAMICS FROM Qp

A =-TnQy, U =-d3InQy,
S=-.p/Inp, p=-Ay,
.

One function generates the equilibrium ther-
modynamics.

3. DENSITY OF STATES

Qn(B) = f p(E)ePE dE.

The canonical ensemble is the Laplace trans-
form of the microcanonical counting prob-
lem.

4. FLUCTUATIONS AND EQUIVALENCE
2 2 9E -1/2
((AE)*) = T*Cy, ?NN )

The canonical energy distribution becomes
narrow and Gaussian for large N.

LECTURE 3 - CANONICAL ENSEMBLE

5. CLASSICAL IDENTITIES
Each quadratic term contributes T /2:
T
2
ax<)y = =.
(ax?) =
The virial theorem connects motion, forces,
and pressure:

AK) = — <Z rl»-Fi> .

6. QUANTUM DISCRETENESS
For a harmonic oscillator,

v._ h—wcoth<h—w>
N 2 2T )"

It tends to T at high temperature and to
hw/2 at low temperature. For a paramagnet,
the Langevin function becomes the Brillouin
function.

7. NEGATIVE TEMPERATURE
A bounded spectrum can have a region where
entropy falls as energy rises:

1 oS

—=_—<o.

T dU
Negative temperature lies beyond +oo on the
thermodynamic temperature scale: it is hotter,
not colder.

THE CONCEPTUAL ARC

Reservoir — Boltzmann weight — partition
function

— thermodynamics — fluctuations

— classical and quantum examples.

Structure and notation. The lecture follows the canonical-ensemble sequence of Pathria and Beale, Statistical

Mechanics, Chapter 3, while making several intermediate derivations and finite-size distinctions explicit.
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The Grand Canonical Ensemble

Statistical Mechanics - Lecture 4

Allowing particles to move: fugacity, fluctuations, phase diagrams,
and the geometry of coexistence

THE THREAD OF THE LECTURE

In the canonical ensemble, a heat bath releases the constraint on energy. We now release
a second constraint: particle number. The system can exchange both energy and parti-
cles with its surroundings. Two intensive variables, T and u, replace the two conserved
quantities, E and N.

The resulting partition function is often easier to calculate than its canonical counterpart.
Its derivatives give not only thermodynamic averages but also their fluctuations. The
same chemical potential that weights particle exchange will determine when two phases

coexist.

Convention. We set kg = 1: § = 1/T and temperature has units of energy. With temperature
in kelvin, replace each thermal energy T by kg T; entropies and heat capacities acquire a factor

kg.

Notation. Only central equations are numbered. Intermediate algebra remains unnumbered.

4.1
4.2
43
4.4
4.5
4.6
4.7

A small system in a particle-energy reservoir.

The same distribution from many copies.

Grand partition function and thermodynamics.

Ideal gas, localized particles, and solid-vapor equilibrium.
Number, density, and energy fluctuations.

Phase diagrams and the critical point.

Equal chemical potentials and the Clapeyron equation.

Reading. R.K. Pathria and P. D. Beale, Statistical Mechanics, 3rd ed. (2011), Chapter 4, §§4.1-4.7.
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4.1 Equilibrium with a particle-energy reservoir

MAIN IDEA

A reservoir fixes the thermodynamic cost of a microstate: energy costs E/T, while admit-
ting N particles contributes uN/T.

Consider a system A of fixed volume V inside a much larger reservoir R. The composite is
isolated, so
Ex+E=E®,  Nz+N=NO,

The system is small compared with the reservoir: exchanging its typical energy and particle
number changes the reservoir’s temperature and chemical potential negligibly. Equilibrium
requires Ty = T and uy = ug. Equality of pressure is an additional mechanical condition
only when the relevant boundary is free to move.

reservoir R energy and particles
system A
fixed V
ER,NR > E,N ﬁXed T,’M

The small system exchanges energy and particles. Its volume is held fixed; the reservoir supplies T and u.

Label a system microstate by (N, r), with energy Ey .. Once that microstate is specified, the
number of compatible reservoir states is

Qr(E® - Ey,,N© —N).
All microstates of the isolated composite are equally probable. Therefore
pnr & Qp(E©@ — Ey ., N — N).

Expand the reservoir entropy, Sg = In Qg, to first order:

Sg(E© — EN,raN(O) —N) =~ Sp(E©@,N©) — (%) En,— (aﬁ) N
OER /s Ng ONR /g Ve
E N
_ o0y  ENy M_
= Sy T + T
Here we used 0p,Sg = 1/T and dn,Sg = —u/T. The common factor esg)) cancels in the
normalization. Thus
—B(En,r—uN) had
e ' _ -
PNy = g Q= ), e PENTHN), (4.1)
Q N=0 r

The sum includes every allowed microstate in every particle-number sector.

Equation (4.1) is a probability for a microstate. A probability for an energy interval must also
include the system’s density of states, just as in the canonical ensemble.
It is convenient to introduce
a=-pu.  f=7
- M’ T ’
so that the weight becomes e~ *N~=AEN.r. The canonical factor is recovered when N is fixed:
e~*N then cancels between numerator and denominator.
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4.2 The grand canonical ensemble from many copies

Imagine V' > 1 independent copies of the same system. Let my , be the number of copies in
microstate (N, r). Impose three constraints:

= r=NN, N = :
ZmN N ZNmN,, NN ZENrmNr NU
N,r N,r N,r

The copies are distinguishable, even when the particles inside each copy are not. Their multi-
nomial multiplicity is

R y e

Using Stirling’s approximation, maximize

L=InW - VZ My, — az Nmy,,— B Z En My .

N,r N,r N,r
Stationarity gives
0=-Inmy,—1-y—aN — BEyN,,
so the most probable frequencies are
m}‘{,,r e_aN_ﬁEN,r
N - —ocN’—ﬁE ! '
ZNI,VI € Nr

As before, In W is concave: its quadratic variation is proportional to — )’ N r(5mN,r)2/mN’r.
The stationary point is a maximum, not a minimum. In the many-copy limit these frequencies
become the probabilities in Eq. (4.1).

The normalization determines y. The remaining multipliers are fixed by the prescribed means:

- dlnQ 0lnQ
v-(ChE) | ue(25)
Jda BV B v

The reservoir construction already identifies « = —u/T and 8 = 1/T. We next recover those
identifications directly from thermodynamics.

4.3 Physical meaning of the grand partition function

Define
q(a, 3, V) =1n Q.
Since In py , = —q — aN — Ey ,, the entropy is
S=- Z pnrInpy, =q+aN + SU. (4.2)
N,r

When the volume changes, the levels may shift. Direct differentiation gives

dg=-Nda—UdB -8 pn,dEx,-.
N,r

Consequently,
ds = C(dN'l‘ﬁdU—ﬁZ pN,rdEN,r-
N,r

For quasistatic volume work, the mean level shiftis )’ py , dEx , = —P dV. Comparison with

_dU | PdV  wdN
=+ -7

again gives § = 1/T and o = —u/T.
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Grand potential and fugacity
Rearranging Eq. (4.2),
O;=U-TS—uN=-TnQ, ddg = —-SdT — PdV — Ndu. (4.3)

For a homogeneous macroscopic phase, Euler’s relation is U = TS — PV + uN. In that bulk
limit,

PV
The underlying pressure formula is always the volume derivative P = T(dy In Q)r .. Replac-
ing this derivative by T'In Q/V uses bulk extensivity; it need not hold for finite or nonextensive

toy models.

Introduce the fugacity
z=eft =e %,

Grouping microstates by particle number gives

o)

Qz,V,T)= Y, zNQn(V, T), Qo =1. (4.5)
N=0

The grand partition function is a generating function for the canonical partition func-
tions.

The advantage is not merely a change of notation. In a quantum gas, summing over N removes
a global constraint and allows the sum over occupation numbers to factorize. That will be the
main calculation in Lecture 6.

A working dictionary

In variables (z, V, T), holding z fixed is the same as holding « fixed. Thus

- oq dq oq
N = z(—) , U=- (—) =T? (—) . (4.6)
9z )7y 9B zV T/, v
The mean particle number is a function of (z, V, T). To express the usual equation of state

P(T,V,N), first solve that relation for z, then substitute it into the pressure. From now on, N
without a bar denotes the specified mean particle number in a thermodynamic formula.

The Helmholtz free energy is the Legendre transform
Q
A=P5+uN=-Tq+NTlnz = —Tln(z—N>.
Similarly,
U-A U
S—T—CI'FT—NIHZ.
For a bulk system these agree with the canonical functions at the same (T, V, N). At finite size

a Legendre transform of the grand potential is not, in general, exactly —T In Qy.

4.4 Examples

Classical ideal gas

For independent, indistinguishable particles in the Maxwell-Boltzmann regime,

Q. DIY.

QN(Va T) = NI
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Translational freedom supplies a factor of V, so write Q; = Vf(T). The remaining function
f(T) can include internal degrees of freedom. Equation (4.5) becomes an exponential:

Q i w = 2V /(D) q = zVf(T).

= 1
= N!

The thermodynamics now follows immediately:

P =zTf(T), N =zVf(T),

U =zVT?f(T), A=NTInz - TzVf(T).
Eliminating z,

PV = NT, u Tzf(T) A —T[l N ]

NTUrm NTOMVED T

The ideal-gas law does not depend on the internal spectrum. The energy and heat capacity do:

(4.7)

d N f N
— T2—1 T — — —ln— +1.
Cy=N ar [ n f( )] N= f ny; 7 +
If f(T) «x T?, then
U
U =vNT, Cy = VN, P_W'
For a nonrelativistic monatomic gas,
h
T =27,  Ap=——,  v=2.
\2mmT 2
For a classical gas with linear, ultrarelativistic dispersion, v = 3. We will recover both

pressure—energy relations directly from momentum transfer in Lecture 6.

Independent localized particles

Now consider this localized-particle model: N independent localized units, each with single-
unit partition function ¢(T). The units are associated with distinct locations, so there is no
Gibbs factor:

Qn = ¢(T)N.

Its formal grand sum is geometric rather than exponential:

= 1
Q= NZ=10[Z¢(T)]N = T2 28(0) z¢(T) < 1.
Write x = z¢(T). Then
X N z¢'(T)
N=1—% YTNFT U= T21—Z¢(T)
Hence U & s S &
N = T2$, N —Tln¢, N Ing + TE. (4.8)

For example, the Legendre free energy can be written exactly as

A= —NTln¢+NT1nNN T~ TIn(N + 1).



STATISTICAL MECHANICS LECTURE 4 - GRAND CANONICAL ENSEMBLE

The correction to A/N = —TIn¢ is of order TIn N/N. This makes explicit why the usual
per-unit oscillator thermodynamics is recovered.

For one harmonic degree of freedom,

1 T
¢qm(T) = m, ¢C1(T) = %

The classical expression gives U/N = T and S/N =1 + In[T/(hw)].

THE SCOPE OF THIS MODEL

The sum over a variable number of localized units is a useful formal construction, not
a complete theory of a solid with a prescribed lattice and finite compressibility. If ¢
is strictly independent of V, its mechanical pressure T0; In Q is zero. The quantity
TInQ/V = TIn(N+1)/V also tends to zero at fixed density, but is not an exact finite-size
pressure.

This model also has Var(N) = N(N + 1): its relative number fluctuations do not vanish.
The ordinary ensemble-equivalence argument below requires a stable extensive phase,
and must not be applied indiscriminately to this geometric sum.

Solid-vapor equilibrium

The same model gives a transparent estimate of the equilibrium vapor pressure. Let N, parti-
cles occupy a dilute gas of volume Vg, while the rest occupy a solid. The two phases share T
and u, hence share z.

vapor: N,, V,
por: Ng, Vg T, =T,
Mg = Ms
I Zg =Zs
solid

Vapor and solid exchange particles until their chemical potentials agree. The model neglects the solid’s
volume and pressure dependence.

For the gas, z; = N,/[V, f(T)]. For a macroscopic localized phase, z;¢(T) = Ny/(Ng + 1) =~ 1.

Thus
Ny | S(T) D

Vz (1) &£ T (T)
The energy zero must be common to both phases. Model an atom in the solid as a three-
dimensional oscillator whose potential minimum lies € > 0 below the free-atom reference:

H(T) = e</T [2sinh(hw/2T)] 3.
For a monatomic vapor, f(T) = A7>, and therefore

P,

() = /113[2 sinh(hew/2T)Pe=</T. (4.9)

T
Here € refers to the potential minimum: the solid’s quantum ground state is at —e + 3%w/2.
If one instead defines the binding energy from that ground state, the energy offset must be
shifted accordingly.
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In the oscillator’s high-temperature regime, T > hw,

3/2.3
m—"w —€/T

%(T) = (2m)3/2T1/2

The vapor must still be dilute for this approximation to describe the gas. A solid can remain
only if the total particle number exceeds the number accommodated by the saturated vapor:

N>y lD

EH(T)

When the saturation density is increasing in the temperature range of interest, equality defines
the temperature above which the available particles can all reside in the vapor. The expression
is a model estimate, not a quantitative equation of state for an actual crystal.

4.5 Density and energy fluctuations

MAIN IDEA

A first derivative of In Q gives a mean. A second derivative gives a fluctuation. The cur-
vature of the generating function is the susceptibility of the material.

Particle number and compressibility
In the («, 8, V) variables,
2
N = —qq, qaa:<N2>_<N> .
To see the second identity directly, differentiate the normalized weights:

apN, _
Wr =—(N—=N)pN r

Multiplying by N and summing gives ,N = — Var(N). Since « = —u/T,

Var(N) = T (3—5) . (4.10)
T,V

Let n = N/V and define the isothermal compressibility

, __l<5_V>
T=v\eP )y’

For one homogeneous component, Gibbs-Duhem gives

Ndy =-SdT + VvV dP, (d,u)T=d7P.

Also, at fixed T, (0n/0P)r = nxr. Therefore
5, -+(5), -
ou)p  \oP)p T
Substitution in Eq. (4.10) yields

Var(N) _ Var(n) _ Txr
N2 n2 VS
A fluid that is easy to compress also has large spontaneous density fluctuations.

(4.11)
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Away from phase transitions, xr stays finite as V' — oo. The relative variance then scales as
1/V ~ 1/N, and the relative standard deviation scales as N=V/2.

For the classical ideal gas, k7 = 1/P = V/(NT), so Var(N) = N. Indeed, its exact number
distribution is Poisson:
Nk

-NV

k!”
Near a critical point the compressibility can diverge; at first-order coexistence, macroscopic
switching between phases can also invalidate a single narrow Gaussian. These are limitations
of the usual concentration argument, not failures of the partition function.

Pr(N, =k)=e

E E E

' |

> N > N > N

microcanonical canonical grand canonical

Schematic support in the (N, E) plane: a point, a line at fixed N, and a two-dimensional distribution.
The tilted contours indicate possible N-E correlations; they are not universal probability contours.

Energy fluctuations and their extra contribution

Because @ = —In z, energy differentiation at fixed « means differentiation at fixed fugacity:
ou ou
Var(E) = qpp = — (—) =T? (—) . 4.12
( ) R aﬁ zV oT z,V ( )

The derivative on the right is not Cy-: the number of particles changes with T when z is fixed.

For a smooth bulk equation of state U(T, V, N), use the chain rule:

(57)., =+ (&), (5r)
oT ),V "\oN);,\T ),

The mixed derivative of q supplies the missing factor:
ON oUu
Cov(E,N) = =T2(—> =T<—> .
( ) qaﬁ aT v alu TV

At fixed T, V, U depends on u through N, so Eq. (4.10) gives

ou
Cov(E,N) = (m)w Var(N).
Combining these relations,
dUY
Var(E)ge = T*Cy + (—) Var(N). (4.13)
ON /7y

The first term is the canonical energy variance of the corresponding bulk phase. The
second is the energy variance supplied by fluctuating particle number.

The additional term is nonnegative. For a classical monatomic gas,

Cy = §N, Uy = %T, Var(N) = N,
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and therefore Var(E)gc = 15NT?/4, compared with 3NT?/2 canonically. Both relative fluc-
tuations still vanish for large N. The equality with the canonical Cy, in Eq. (4.13) is a bulk,
single-phase statement; exact finite-system ensemble identities should not be conflated with
it.

4.6 Thermodynamic phase diagrams

A material can exist in distinct phases as pressure, temperature, or another control parameter
varies. Within an ordinary homogeneous phase, thermodynamic functions are smooth. A
phase transition appears as a nonanalyticity in the thermodynamic limit.

A dilute vapor is approximately an ideal gas. A liquid is dense, with strong short-range cor-
relations but no crystalline long-range positional order. A crystal has long-range positional
order and resists static shear. These are physical distinctions; a phase diagram tells us where
each state is stable and where two can coexist.

An ordinary one-component material

P
A
supercritical
fluid
I itical point
¢ wolid o critical poin
liquid
R vapor
triple point

\
~

T; I

Schematic P-T diagram for an ordinary material such as argon. The liquid-vapor line terminates at the
critical point. The solid-liquid boundary does not terminate there.

The three coexistence curves are solid-vapor (sublimation), solid-liquid (melting), and liquid-
vapor (vaporization). All three meet at the triple point. The liquid-vapor line ends at the
critical point; above it, liquid-like and gas-like states can be connected continuously without
crossing a coexistence line.

For orientation, argon has approximately T; = 83.8K, B = 68.9kPa and T, = 150.7K, . =
4.86 MPa for argon. The diagram is topological, not a plot on these numerical scales.

Why a coexistence line becomes a region

In a P-T diagram, equilibrium between liquid and vapor fixes one relation P = P..,(T). But
the relative amounts of the phases are not fixed by T and P alone. If x = N,/N is the vapor
fraction, the volume per particle is

|4 v—U

v=—=(1—-x)v; + xv,, X = .
N ( )l v Uy — U

(4.14)

At a given coexistence temperature, every v between v; and v,, is possible. Hence the coexis-
tence curve opens into a two-phase region in a P-v diagram.
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P
A
75 critical point
B frs B S ——
= ke
15
+ g vapor
T |- ~
2 18 one T: tie-line

T T
i )liquid+vapolf”( ) \

solid + vapor

Rl
—_

> v=V/N

Schematic P-v diagram, retaining all three coexistence regions. A tie-line joins phases at the same P, T;
its liquid-vapor endpoints merge at criticality. At F,, changing the proportions of the three phases
changes v without changing P or T. No numerical volume scale is implied.

Along a first-order coexistence curve, the two phases generally have different v, entropy per
particle s, and energy per particle u. The discontinuity v, —v; vanishes at the critical endpoint.
Fluctuations become correlated over increasingly large distances; the correlation length di-
verges in the ideal thermodynamic description of a critical point.

Helium and the entry of quantum mechanics

At low temperature, the wavelength Ar grows. Classical particle counting ceases to suffice
when 17 becomes comparable with the interparticle spacing n=/3.

Helium provides a distinct topology: at low pressure it remains liquid down to very low tem-
peratures, so there is no ordinary solid-liquid-vapor triple point. Solidification requires a
sufficiently high pressure. Within the liquid region, the 4 line separates normal liquid helium
from superfluid helium.

p
A
\\
\ normal
\ 1. -d
superfluid \\\ qu
liquid ‘\\ 1 line critical point
\
~ 217K | vapor
> T

Schematic low-temperature topology of *He, not to scale. The A line meets the liquid-vapor and
solid-liquid boundaries; it is not a sublimation line. The quoted temperature refers to the vicinity of
saturated vapor pressure.

Superfluidity concerns a nondissipative component of the liquid and macroscopic quantum
behavior. It should not be summarized as the disappearance of every viscous response of the
whole liquid. Lecture 7 returns to the useful, but limited, analogy between helium and an
ideal Bose gas.

10
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4.7 Phase equilibrium and the Clapeyron equation

MAIN IDEA

Two phases coexist when moving one particle from one phase to the other has no Gibbs-
energy cost. The slope of the coexistence curve follows by keeping that cost zero.

Consider phases A and B at fixed T, P, with N4 + Ng = N. Neglecting interfaces, their total
Gibbs free energy is
G = GA(T,P,N,) + Gp(T, P, Np).

Transferring particles gives
dG = uy dNy + up dNp = (ug — up) dNy.
Equilibrium with both phases present requires

pa(T,P) = up(T,P). (4.15)
For macroscopic pure phases, G4 = uyN4 and Gg = ugNg. Thus G is affine in N4 at fixed
T, P:
G = Nup + Ny(ua — tp)-

At coexistence it is flat, not a strictly convex bowl. Changing the phase fraction costs no bulk
Gibbs energy. A prescribed total volume or energy can still select the fraction.

G
A
Ha > KB
R  Ha =15’ coexistence
Ma < MUp
> N
0 N 4

At fixed T, P, N, the bulk Gibbs energy is linear in the amount of either pure phase. Away from
coexistence its minimum lies at an endpoint; at coexistence the line is flat. Vertical offsets between the
three illustrative cases are arbitrary.

Following the coexistence curve
Equation (4.15) defines a curve P = P (7). Differentiate along it:
duy = dug.

Since G = uN and dG = —SdT + V dP + u dN, the chemical potential of either phase obeys

S %4
du = —sdT + vdP, s=y V=N
Therefore
—SAdT+UAdP= —SBdT+UBdP,
and

11
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choeX _ Sp—Sa _ E_ ¢
dT ~ vg—vsy Av TAV’
¢ is the latent heat per particle for the transition A — B. The equation is unchanged when

all three quantities are expressed per mole or per unit mass.

¢ = TAs. (4.16)

For vaporization, As > 0 and Av > 0, so the coexistence curve has positive slope. For melting
the entropy usually increases, but the volume change can have either sign; a negative melting
slope means that the liquid is denser than the solid.

At coexistence, heat changes the phase fraction rather than immediately changing T. For
example, the latent heat of water at its atmospheric boiling point is approximately 2.26 X
10 Jkg~!. This is a heat per mass, not per molecule.

The triple point
At a triple point,
Hs =ML = Hy.
Write Bz = dP,p/ dT at that point, and choose all differences with the same orientation. Then
sy —ss = (sy — 1) + (51, — Ss)
becomes, using Eq. (4.16),
(y — vy, = (vy — VR + (v — V).

Equivalently,
By = ——Ry — ———> K. (4.17)
L L

The three slopes are not independent. This is simply the additivity of entropy and volume
differences, applied to three phases with equal chemical potential. The cyclic identity is safest
to write before rearranging; it prevents sign mistakes.

12
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Lecture 4 in one page

1. Release a second constraint

Energy and particle number fluctuate; T, V, u are

fixed:
e_.@(EN,r_,uN)

Q

pN,r -

2. A generating function

With z = efH,
[s+]
Q= > zNQu, q=1nQ.
N=0

The sum over N can simplify the calculation.

3. Thermodynamics

®g=-Tq, N=2zq, U=T?qrl,

For a bulk homogeneous phase, &5 = —PV.

A=®;+uN, S=q+U/T—Nlnz.

4. Two elementary sums
For a classical gas,

Q = e2Vf(D), PV = NT.
For the localized-unit toy model,

Q=[1-z¢(D]™

Its geometric number fluctuations remain large;
it is not an ordinary compressible solid.

LECTURE 4 - GRAND CANONICAL ENSEMBLE

5. Fluctuations are responses

5
ou T,V’

Relative fluctuations vanish in a stable extensive
phase, but need not do so at a transition.

Var(N) _ Txr
N2 TV

Var(N) = T( v

6. Energy and particle exchange
For a smooth bulk equation of state,
Var(E)gc = T?Cy + Ug Var(N).

The second term is the extra energy fluctuation
carried by particle-number fluctuations.

7. Phase equilibrium

A transfer of particles changes G by

dG = (ug —up)dNy4.

Coexistence requires u, = ug. At fixed T, P, the
bulk Gibbs energy is then flat in phase fraction.

8. Slope of a coexistence line

P _ a5 _ e
dT ~ Av = TAv’

At the triple point, cyclic entropy differences sum

to zero, relating all three coexistence slopes.

The next step is quantum: replace probabilities over classical phase space by a density operator, and

then impose indistinguishability on the states being counted.

13
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Formulation of
Quantum Statistics

Statistical Mechanics - Lecture 5

Density operators, indistinguishability, and the classical limit
of quantum state counting

THE THREAD OF THE LECTURE

A wavefunction describes a quantum state. An ensemble describes uncertainty about
which state was prepared. The density operator combines these two layers of probability
without confusing them.

A second change is more consequential: identical quantum particles cannot be counted
by assigning permanent labels to them. Their many-particle states must have the appro-
priate exchange symmetry. From that symmetry we will obtain the Gibbs factor, the clas-
sical phase-space cell, and correlations between particles whose Hamiltonian contains
no interaction.

Convention. We set kg = 1: § = 1/T and temperature has units of energy. With temperature
in kelvin, replace each thermal energy T by kyT; entropies and heat capacities acquire a factor

k.

Notation. Only central equations are numbered. Intermediate algebra remains unnumbered.

51
5.2
53
5.4
5.5

Quantum ensembles and the density matrix.

Microcanonical, canonical, and grand canonical operators.

Spin in a field, a free particle, and a harmonic oscillator.
Symmetric and antisymmetric many-particle states.

Free-particle kernels, the classical limit, and exchange correlations.

Reading. R.K. Pathria and P. D. Beale, Statistical Mechanics, 3rd ed. (2011), Chapter 5, §§5.1-5.5.
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5.1 Quantum ensemble theory: the density matrix

MAIN IDEA

The density matrix is an ensemble average of products of amplitudes, not an average wave-
function. This is why it retains exactly the information needed for every observable.

Take V' > 1 identically constituted quantum systems. The kth member has normalized state
|®)(¢)) and obeys

d .
— 1Ry = (k)
i [$%) = Hy®).

In a fixed complete orthonormal basis {|¢,,)},

@) = > aPlp,), i = (@, | p0), Z|a("’|2

Substitution in the Schrodinger equation gives

k k A
( )= ZHmnagl )’ Hyp = (PmlH|Pn)-

For a given member, |a )|2 is a quantum measurement probability. An ensemble average over
members is an additional average. Define

N

o1 1 k) (k

P=5 > [p© )@, Pmn = 57 E:agﬂ)a% ", (5.1
k=1 k

More generally, 6 = 7, wy | ) p®) |, where wy, > 0 and 2 Wk = 1.

The diagonal entry p,,, is the probability of outcome ¢,, when one member is chosen at ran-
dom. The off-diagonal entries contain coherences in this basis; they are not separate transition
probabilities.

Three properties follow directly from Eq. (5.1):

Trg=1 p =p xlplx)=D welix | p®)2 > o0.
k

Thus a density operator is normalized, Hermitian, and positive. In components, Hermiticity
means

—_ k
pmn —an’

not generally p,,, = Pnm- A real symmetric density matrix is a special case. No assumption
of detailed balance is needed for Hermiticity.

Equation of motion

Differentiate the amplitude product, using both the Schrodinger equation and its complex
conjugate:

6 = ¥ Z [(1ha(k))a(k)* + a;’?(lhaﬁ”*)]

= Z (HpePen — PmeHen) -
12

In operator notation,
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iho = [H, f]. (5.2)
The von Neumann equation is the quantum counterpart of Liouville’s equation.
With the standard Poisson bracket {f,g} = »3,(0,,f 6,8 — Oy, f 94,8) classical phase-space
density obeys
9tpa = {H, P}

Equation (5.2) has the corresponding commutator structure.
For a time-independent Hamiltonian, stationarity requires

[H,6] = 0.

A function of H certainly satisfies this condition. More generally, a stationary density operator
can have structure within degenerate energy subspaces. Stationarity alone does not imply a
thermal distribution. In an energy basis,

(Em — En)Pmn =0 :

coherences between different energies vanish in a stationary ensemble, whereas coherences
inside a degenerate subspace are not excluded by this equation.

Expectation values are traces

Let an observable be represented by G. Its ensemble expectation is

(G) = D, we@®|G1®)
k

k) (k
= Z (Z wkal('n)a% )*) Gum = Z PmnGnm-
mmn \ k m,n

Therefore
(G) = Tr(,éG). (5.3)

The trace does not depend on the basis. Taking G = I recovers Tr ¢ = 1. If one works with an
unnormalized positive statistical operator R, the corresponding formula is
Tr(RG)

©) = TrR

This form is especially useful when R = e=BH,

5.2 Statistics of the quantum ensembles

Microcanonical ensemble

Fix N, V, and an energy window [E — A/2,E + A/2]. Let IATE,A project onto the allowed many-
particle states, and let

I'=Tr ﬁE,A
be their number. Equal a priori probabilities give
IT
Bine = % S=InT. (5.4)

In an energy eigenbasis, the diagonal entries are 1/T" inside the window and zero outside it.
The many-particle Hilbert space must already have the correct exchange symmetry. One does
not append a second Gibbs factor after counting those physical states.
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Pure and mixed states

If every ensemble member has the same ray |), the state is pure:

p=1P@l P2 =Xy | Pl = 4.

It has one eigenvalue equal to one and all others zero. It need not be diagonal in the basis in
which we first write it. For a mixture, the eigenvalues p; lie between zero and one and sum to
one. Hence

Tr p> =ijz <1,

J
with equality only for a pure state. The general entropy is

S=-Tr(plnp) = —ijlnpj.
J

For the microcanonical ensemble this reduces to InT.

The distinction is visible in the smallest example. In the basis {|0), |1)},

= 0+ 111 _1f1 0
- ,\/E ’ p+_2 1 1’ pmlx_z 0 1'

Both preparations give probabilities 1/2,1/2 in this basis. Yet Trp2 = 1 and Trp2,, = 1/2.
A measurement in another basis distinguishes them. Equal populations are not the same as
equal quantum states.

What random phases do
Write a,, = |a,|e®. In a preparation whose relative phases are independently random,
ei®m—0n) = 0 (m # n),

so the ensemble-averaged coherences vanish:

Pmn = |am||an|ei(6m_9") = |an|2 5mn

This explains the role of the random-phase assumption in the ensemble construction. It is
an assumption about an ensemble or a dephasing operation in a specified basis. It is not a
universal property of every mixed state, and does not by itself set the diagonal populations to
thermal values.

Canonical ensemble

At fixed N, V, T, the energy eigenstates have Boltzmann weights. Therefore
BEn
pn =2 In=5—(nl
n

o
Qn

A function of an operator acts on its eigenvectors by applying the same function to the eigen-

values. Thus

-BHN .
A € _
PN =5 Qn = Try e PHN, (5.5)

The trace runs over the physical N-particle Hilbert space.
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For an observable G, o
(G = TrN(e‘ﬁHNG).
N QN
No particular basis is preferred by this formula. One chooses the basis that makes the calcu-
lation simplest.

Grand canonical ensemble

Particle number now varies, so the Hilbert space is the direct sum of the sectors N = 0,1, 2, ....
Let N be the number operator. For the number-conserving systems considered here, [H, N] =

0. Then o
—B(H—uN) . . s
. _ e _p(-
poc=—7—> Q=Tre BH-N) = %" zNQy. (5.6)
N=0

For a number-conserving observable,

_ Z ZNQN<G>N
(G)ge = NzNzNQN

A grand canonical average is a weighted average of canonical averages. This is the operator
version of the construction in Lecture 4.

A CHECKPOINT

The density operator specifies the ensemble. The Hamiltonian specifies the energy spec-
trum. The trace computes normalization and observables. Exchange symmetry specifies
which many-particle states belong in that trace. These are separate ingredients.

5.3 Examples

An electron spin in a magnetic field

Take the field along z and retain only the spin contribution. In the conventional spin basis,

ﬁo a—01 O__O—i 0_1 0
272 *7\1 0/ Y\ o) F \o 1)

The electron’s magnetic moment is opposite to its spin. Write (1, = —u,0,, where g > 0 is its
magnitude. The spin Hamiltonian is

8, =

A= —fi;B = usBo,.

With x = fu,B and o2 = I, expand the exponential into even and odd powers:

—Xo : e 0
e %9z = JTcoshx — g, sinhx = 0 et

Its trace is Q; = 2 cosh x, so
_ 1 e 0
P=Zcoshx\ 0 &)

The trace formula gives

(0,) = —tanh x, (uy) = g tanh x, X = (5.7)
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The magnetic moment aligns with the field; the electron spin points oppositely. If the two
basis states are instead labeled by the direction of the magnetic moment, the Hamiltonian is
—usBt, and (7,) = + tanh x. This is a convention with a positive-slope polarization curve.

(Mz) I1s

Mean magnetic moment, not electron spin, versus field divided by temperature. The saturation values
are +ug, and the weak-field response is (u,) ~ u?B/T.

A free particle in a box

Take a cube of side L with periodic boundary conditions. The Hamiltonian and normalized
eigenstates are

2 ik-r
n_, e

H=-—V? = ,
Pi(r) NG

where ny, ny, n, run over all integers, including zero and negative integers. The energies are
e = h2k?/(2m).

We first calculate the unnormalized kernel

2
k= T(nx,ny, ny),

K(r,v'; 8) = (rle PH|r').
Insert an energy resolution of the identity:

K(r,r';8) = ) e Py ()i (r')
K

21,2
=%Zexp[—ﬁznf +ik-(r—r)|.
k

When L > Ar, the spectrum is dense on the thermal scale and Zk — V [ d3k/(27)3. The
integral factorizes into three one-dimensional Gaussian transforms. With a = fh%/(2m),

(o]
/ % e—ak2+ikx — 1 e—xz/(4a)'

[ 27 4ma
Thus
K(r,v'; B) = ( m )3/2 exp _m|r— r'|2 _ Le—"h‘_ﬂz/ﬁ" (5.8)
T 2ph2 2812 Bl ' '

Here Ay = h/4/2wmT. The diagonal kernel is constant, so its trace is

Q, = / drK(r,r;p) = 13
V l

T
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The normalized density kernel becomes
/ 1 —rlr—r'|?/2%
p(r,r') = e T, (5.9

Every position has the same probability density, p(r,r) = 1/V, while the off-diagonal coher-
ence decays with separation.

Vp(r,r')

0 } f f
-1 0 1
(V — rl)/AT

A section through the free-particle density kernel. The Gaussian width is o = Ap/\ 2w =/ fh2/m. Its
physical width shrinks as T~'/2.

The exact periodic-box kernel retains the discrete sum. Equivalently, one can sum the Gaus-
sian in Eq. (5.8) over periodic images. The single Gaussian is the large-box expression, not a
replacement for periodicity at arbitrary separation.

At high temperature, off-diagonal coherence becomes short-ranged. It is the unnormalized
heat kernel K that approaches a delta function as 8 — 0*. One should not replace the normal-
ized kernel by (1/V)é(r—r’): that expression has the wrong dimensions and does not preserve
its trace normalization.

_ dlnQ, 4 3. (27BR*\]_ 3 _3
U=- 65 ——%[IDV—EHI( m )]_2‘3_2T

The familiar classical answer emerges from a quantum trace in the continuum regime.

Finally,

A linear harmonic oscillator

For o
. R d - ~ 1
H——%d—q2+§qu, En—hco<n+2),

the energy basis is simpler than the coordinate basis. The normalized wavefunctions can be

written

bal@) = ————H,(qla)e =), a= [T

w4/ 2nnla maw
H,, is the physicists’ Hermite polynomial. A coordinate-space density kernel would require a
sum over these functions; the partition function does not:

0 e—ﬁf’lw/Z 1
Q, = Z e—Bhw(n+1/2) — - — )
= 1 —e—Bhw  2sinh(Bhw/2)
Therefore " "
U= 7” coth (ﬁTw) . (5.10)
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For T — 0, coth(fAw/2) — 1 and the energy approaches the zero-point value Aw/2. For
T > hw, cothx ~ 1/x and U ~ T, recovering the two classical quadratic contributions.

The lesson of the examples is methodological: the density operator is basis-independent, but
computational effort is not. Use coordinates when propagation is simple; use energy eigen-
states when the spectrum is simple.

5.4 Systems of indistinguishable particles

MAIN IDEA

The occupation numbers tell us which one-particle states are filled. They do not tell us
which labeled particle occupies each state, because those labels do not identify different
physical preparations.

For N identical noninteracting particles,
N
Jj=1

Let u;(q) be orthonormal one-particle eigenstates of energy ;. The coordinate q includes spin
or any other internal label when needed. A product state

D(qy, -5 qN) = Uz, (q1) -~ Uz (n)

N .
has total energy E = ), j=16ij° Introduce occupation numbers n;, so
Zni=N, Zniei=E.
i i

For labeled classical particles, the number of assignments with those occupationsis N!/ [, n;!.
Dividing by the classical Gibbs factor gives the Maxwell-Boltzmann weight 1/ [ [, n;!. Exact
quantum counting is different: an allowed occupation list labels one many-particle Fock state,
not a fractional multiplicity.

Exchange symmetry

In the usual three-dimensional boson and fermion sectors, exchanging two identical particles
leaves the many-particle state unchanged up to a sign:

PiquB = +“PB, pijlpp = —IPF.
For a general permutation P, bosons acquire +1, while fermions acquire sgn(P), the parity of
the permutation. The invariance of physical probabilities motivates this requirement; proba-
bility invariance alone is not a derivation of the spin-statistics theorem.

Starting from the product ®, construct the symmetric state by summing over all permutations.
If orbital i occurs n; times, the properly normalized bosonic state is

1 A
Yp(qys - > Po(qy, ... qn)- (5.11)

JqN) = —F/——
,/N!Hini!PESN

Why the extra occupation factorials? Permutations among the n; copies of the same orbital re-
produce the same product. There are [ |, n;! such repetitions; the norm of the full permutation
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sum is N! ; hi!. When all occupied orbitals are different, Eq. (5.11) reduces to the familiar
1/4/N! normalization.

For fermions in distinct orthonormal orbitals,

uil(QI) uil(QN)

Yr(qy, ... qn) = —— det (5.12)

VD i (@) iy (aw)
The determinant supplies the permutation signs automatically. For two particles,
1

V2

Swapping q; and g, swaps two columns and reverses the sign. If i = j, two rows coincide and
the determinant vanishes.

Yr [ui(q)u;(q2) — wilg)u;(qr)] .-

Pauli exclusion. Two identical fermions cannot occupy the same complete one-particle
state. Opposite spin states are different states, even when their spatial orbitals coincide.

For an occupation list at fixed N, the counting weights are therefore
Welnl=1 (n;,=0,1,2,..),

W alng) = 1, n;=0 ?r 1 for every i,
0, otherwise.

The sum constraints on N and E are imposed separately. In the standard spin-statistics con-

nection, integer-spin particles are bosons and half-integer-spin particles are fermions. Exam-

ples in the notes are photons, phonons, and “He atoms on the bosonic side, and electrons,

protons, and neutrons on the fermionic side. For a composite particle, the relevant statement

applies when its internal state remains intact.

Interactions can destroy the simple product form and the additive energy spectrum. They do
not remove the required exchange symmetry of identical particles.

5.5 Free-particle kernels and the classical limit

We now return to N free, identical particles in a large box. To isolate the exchange effect,
take one fixed internal state: spinless bosons or fully spin-polarized fermions. Additional spin
degeneracy changes which pairs can exchange and must be included explicitly when relevant.

Write R = (ry, ..., ¥y). A physical spectral resolution gives
KQRR:B) = Y e PEw,RWHR),
v physical

where 7 denotes the bosonic or fermionic sector. The partition function and normalized den-
sity kernel are
e

Qv = f EVREPR R, o = 2%
Qn
Each plane wave is V~1/2e" with k = 277n/L. Its many-particle energy is

n S,
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The issue is how to sum over orbital assignments without counting their permutations as in-
dependent states.

one unordered
orbital set

kl = kz:
allowed for bosons,
excluded for identical-spin fermions

e (b,a)

>k,

A two-coordinate illustration of permutation counting. The two marked labeled assignments represent
the same orbital occupation list. The diagonal requires special care; its repeated occupations are precisely
where a naive division by N! is insufficient.

The permutation sum

A concise way to retain the normalization correctly is to use the symmetry projector
A 1

I, = mpg; )(n(P)Pa xs(P) =1, xp(P)=sgn(P).

Itactsin the labeled tensor-product space, satisfies f[,z7 = ﬁn’ and commutes with the identical-
particle Hamiltonian. Thus the physical kernel is the kernel of ﬁne‘ﬁH .

Before projection, independence makes the heat kernel a product:

N
KRR 8) = [ [ K1} B).
i=1

Projecting permutes one set of endpoint coordinates. Using Eq. (5.8),

LS xPrexp

) ’
KN (R,R';B) =
) !A%N PeSn

N
T /
i=1

This is the large-box free-particle kernel in the required symmetry sector. The exact finite
periodic box retains the periodic one-particle kernels in the product.
This projector derivation is equivalent to the symmetrized spectral sum, but avoids guessing
normalization factors for repeated bosonic orbitals.

On the diagonal R’ = R, the identity permutation has weight one. A transposition of i, j gives

Y —27r2. /A2
exp —/1—2(|r,-—rj|2+|rj—ri|2) =e T,
T
A three-cycle gives a product involving three separations. Schematically,

D@ FEi—rpe) =1 £ e AT 4 longer cycles and disjoint exchanges,
P i

i<j

where f(r) = e ™" */2%  and the upper sign is bosonic. Exchange terms matter when the ex-
changed particles are within a thermal wavelength of one another.

10
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Why the classical cell is 13V

The mean spacing is of order n~'/3. In the dilute, nondegenerate regime
ni < 1, (5.14)

exchange corrections to the leading thermodynamics per particle are small. Retaining the
identity term in the diagonal kernel gives

N
1 1 /(V

MB _ d3NR - (_)
O NIASN fV NI\ 23

But this is also

N 2
Vi 3N, 13N _ pPi
QN = NN d*Vq d*Vp exp ,8; m |- (5.15)

Each Gaussian momentum integral contributes (2zrmT)?2, and k3 turns it into A73. Quantum
state counting therefore supplies both the cell volume k3N and the Gibbs factor 1/N! that
appeared in the classical theory.

For diagonal position probabilities, the same leading term gives
on(R,R) ~ VN,

The particles are spatially uncorrelated to this order. Equation (5.14) is a condition on leading
bulk thermodynamics, not a uniform relative-error estimate for the entire extensive partition
function at arbitrary N.

Two particles: the first exchange effect

For two particles there are only two permutations. Equation (5.13) becomes, on the diagonal,

Kgi)(l'p I, 1) = — [1 * e_znr%ZMZT] .
207
The exact spectral identity in a finite box is
1
Q7B = 3 [QiB? £ Qi(28)].

In the continuum limit, Q;(8) = V/A3 and Q,(28) = V/(2*/?23)). Equivalently, the relative-
coordinate integral is

d3re=27r*12% — ar p2e—2mr?2% qp = 2T
3 b 23/2°

Therefore

2 3
* 1(V AT
2 =3 </1—3T> [1 + 23/2V]' (5.16)

Retaining the same finite-volume normalization in the diagonal probability gives

1 1+ e—Zﬂr%Z//'t%

RR) >~ ——e
PRR) = 775 1+ 23/(232v)

For V > 23., the denominator is close to one. The pair-correlation factor is then

g.(r) =1+ e 2712, (5.17)

11



STATISTICAL MECHANICS LECTURE 5 - QUANTUM STATISTICS

At zero separation the bosonic factor is two, while the identical-spin fermionic factor is zero.
At separations much larger than A7, both tend to one. These are correlations of simultaneous
positions, not evidence for an interaction term in the Hamiltonian.

g(r)
21 —— bosons
- - - identical-spin fermions
N ——==
0 +-=="" 1 1
0 0.5 1

r//lT

The dilute two-particle exchange factor. Bosons bunch, whereas identical-spin fermions have an
exchange hole. Both curves approach the uncorrelated value g = 1.

The statistical potential

A convenient classical representation of the pair factor is to define v by e #%s(") = g(r). Then
pUSY(r) = —In[1 £ e=277 ] (5.18)

For bosons it is negative, with fv,(0) = —In 2. For identical-spin fermions it is positive and
diverges as r — 0. Both vanish rapidly when r > Ar.

Bus(r)
\
3 \\ —— bosons
\ - - - identical-spin fermions
24 \
\
\
\\

1 T \\\

0 ————————
—In2 1 } }

0 0.5 1

v/

The statistical potential calculated from Eq. (5.18). The fermionic branch diverges upward at the origin;
it does not end at a finite repulsive barrier.

The language of “statistical attraction” and “statistical repulsion” is useful, provided its
scope is kept clear. This potential represents a dilute equal-time two-body correlation. It is
temperature-dependent and is not a literal mechanical force between otherwise free particles.

Higher permutation cycles cannot, in general, be represented by simply adding this pair
potential.

12
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Lecture 5 in one page

1. The density operator

p = wiclpi)Prl,
k

of=p, p>0, Trp=1.

Diagonals are measurement probabilities in a
chosen basis; off-diagonals are coherences.

2. Dynamics and observables

ihg = [H, p],

Stationarity requires [H, p] = 0, not by itself a
Boltzmann distribution.

(G) = Tr(pG).

3. Pure versus mixed

0% =p fora pure state, S

—Tr(p1n p).

A coherent superposition and an incoherent
mixture may share diagonal probabilities.

4. Three ensembles

Pme =H/T, py= e_ﬁHN/QN’
pGC — e_ﬁ(H_l/LN)/Q

The trace must run over physical states.

LECTURE 5 - QUANTUM STATISTICS

5. Exchange symmetry

Bosons have symmetric states and unrestricted
occupations. Fermions have antisymmetric states
and n; = 0, 1 for each complete one-particle state.
Slater determinants enforce this exclusion.

6. A quantum origin for classical counting

For n13 < 1,

o0 n L (V)N . h
N=ml3 ] > T=—/—-
N! /13T \V2mrmT

The quantum trace reduces to the classical
phase-space integral with measure 1/(N!h3N).

7. Correlation without a force

In the dilute one-internal-state limit,
g.(r) =1+ e 2/,

Bosons bunch. Identical-spin fermions avoid the
same position. The Hamiltonian is still free.

8. Statistical potential

Bus

It encodes the pair correlation, not a new
dynamical interaction. Its range is the thermal
wavelength.

—Ing.

Lecture 6 turns the symmetry rules into occupation-number distributions and connects their thermo-

dynamics with particle motion.

13
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The Theory of Simple Gases

Statistical Mechanics - Lecture 6

From counting occupations to quantum distributions,
fluctuations, pressure, and effusion

THE THREAD OF THE LECTURE

The Hamiltonian of an ideal gas is a sum of one-particle energies. Its nontrivial physics
lies in the counting: how many particles may occupy a state, and how many distinct
arrangements share a coarse-grained occupation profile?

We will derive Bose-Einstein, Fermi-Dirac, and Maxwell-Boltzmann statistics in two
ways. First we maximize the microcanonical multiplicity; then we let the grand partition
function factorize. The two routes meet at the same mean occupation. Its fluctuations
reveal bunching and exclusion, while a kinetic calculation connects the thermodynamics
to momentum transfer at a wall.

Convention. We set kg = 1: § = 1/T and temperature has units of energy. With temperature
in kelvin, replace each thermal energy T by ki T; entropies and heat capacities acquire a factor

kg.

Notation. Only central equations are numbered. Intermediate algebra remains unnumbered.

6.1
6.2
6.3
6.4

Microcanonical counting and the most probable occupations.
Canonical constraints and grand canonical factorization.
Mean occupations, fluctuations, and full distributions.
Pressure from motion; particles escaping through an aperture.

Reading. R. K. Pathria and P. D. Beale, Statistical Mechanics, 3rd ed. (2011), Chapter 6, §§6.1-6.4.
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6.1 An ideal gas in the microcanonical ensemble

Take N identical noninteracting particles in volume V, with fixed total energy E. To count
states in the thermodynamic limit, group nearby one-particle levels into narrow energy cells.
Cell i has representative energy €;, contains g; > 1 distinct one-particle states, and holds #;
particles.

The cell is narrow enough that the energy variation within it is negligible for the macroscopic
calculation, but broad enough to contain many levels. The two constraints are

Zni =N, Zniei =E. (61)
i i

If W{n;} is the number of many-particle states with that profile, then

Q(N,V,E) = ) Win;}, Wing} = [ [ wiln, ).
{ni} i
The prime means that both constraints in Eq. (6.1) hold.

€
A

€3 g5 states, ny particles

€ g, states, n, particles
€1 g, states, n, particles

Coarse-graining the one-particle spectrum. The degeneracy g; counts available states in a cell; the
occupation n; counts particles. They are different quantities.

Bose-Einstein counting

Any number of bosons may occupy one state. Distributing n; identical particles among g;
distinct states is the stars-and-bars problem: insert g; — 1 separators among #; stars. Thus

i+gi—1 (nj+g — 1)
wB = (”l *8i ) _JuiT8i T ) 6.2)
n; n;!(g; — 1)

1
For example, with n; = 4 and g; = 3, the arrangement

means occupations (2, 0,2). Empty states are allowed; multiple occupancy is allowed.

Fermi-Dirac counting

Each complete one-particle state can hold at most one identical fermion. Choose which n; of
the g; states are occupied:

F_(8)_ gi! < <a
Y= (”i) C ol (g —my)V 0=m=sr (63)

If a level has several spin states, those states belong in g;. Exclusion applies to each complete
state, not to the energy value alone.
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Maxwell-Boltzmann counting

For labeled particles, a profile has N!/ [, n;! assignments to cells, and each particle in cell i
has g; state choices. Dividing by the Gibbs factor N! gives the classical weight

nj
8i

WMBIp.} = )
: ; Vli!

(6.4)

The same result follows from the Bose and Fermi expressions when n;/g; < 1. In that regime
the chance of several particles competing for one state is small, so exchange statistics becomes
a small correction. The classical weight is a phase-space counting weight; it need not be an
integer for an individual microscopic occupation list.

The dominant profile
The entropy is
S=InQ = lnz Win;}.
{ni}
For large cells and a sharply concentrated thermodynamic distribution, the largest multiplicity

controls the leading entropy:
S ~ In Winj}.

Use Stirling’s approximation, In n! ~ nln n — n. For bosons,
Inw? ~ (g + n)In(g; + n;) — g;Ing; — n;Inn;
=g+ f)In(1+ f;) — filn f],

where f; = n;/g; is the mean occupation per state in the cell. For fermions,

Inw! ~—g[filnf; + (1 - f)In(1 - f))].
The convention 01n 0 = 0 gives the limiting values at empty or full cells.

Introduce one sign parameter,

—1, Bose-Einstein,
a =441, Fermi-Dirac,

0, Maxwell-Boltzmann.

For a = %1, both Stirling expressions can be written

1 gi
Inw; ~ n; ln<ﬁ — a) — El In(1 — af;).
On differentiation, the extra rational terms cancel:

JInw; =ln(& —a).
Gni n;

Maximize, rather than minimize,
L = an—aZni —621’11'61'.
i i

The stationary condition is

g.
ln(n_;lﬁ —a) = o + f;.
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Consequently,

= ny 1 1
1

= — = = . 6.5
g extbeiyq  z-leféi 4 q 65)

The only change between the Bose and Fermi laws is the sign of a, but that change deter-
mines whether a state can accumulate particles or saturates at one.

For Maxwell-Boltzmann counting, differentiating In wM® ~ n;[In(g;/n;) + 1] gives directly
fi#* = e"%F¢i the a — 0 limit.

Identifying the thermodynamic multipliers

Insert the stationary profile back into the entropy. Since 1 — af;* = [1 + ae~*F¢i]~1,

1 ey
SzocN+,8E+aZgiln(l+ae a-pei)

At the constrained maximum,

as 1 oS u
(), =7 (&), == F
Thus z = e, For a homogeneous bulk phase, TS + uN — E = PV, and

? = %Zgi In(1 + aze=Fe). (6.6)
i

The a — 0 limit is regular: In(1 + ay)/a — y. It gives PV/T = } g;ze P = N, the classical
ideal-gas law.

This derivation uses large energy cells. A single state with macroscopic occupation cannot
simply be hidden inside the continuum approximation. The ground state of a Bose gas will
require separate treatment in Lecture 7.

6.2 An ideal gas in the other ensembles

The canonical constraint

Label individual one-particle states by j, with energy €; and occupation n;. The total energy
is additive,

E = anej
J

For bosons or fermions, the canonical partition function is

Qn = Z exp (—ﬁz njej),
J

{nj}: 2 in =N
with nj=0,12,.. for bosons and nj=0,1 for fermions. In the Maxwell-Boltzmann form,
the summand also carries 1/ ] ; n;!.

Although the energy is a sum, the canonical sum does not factorize: ) in= N couples the
occupations. This is where the grand canonical ensemble pays off.
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Removing the constraint by summing over N

Multiply by zV and sum over all N:

Q= Z zN Z e P2jmc
N=0 {nj}.'zj nj=N

= 3 M) = TIX ()",
ni,No,... J i onj

Each occupation list belongs to exactly one N sector. Summing those sectors removes the
constraint, rather than approximating it.

Define y; = ze P€i. A one-state grand sum is

> 1

B _ n _

27 =2 “1=y; Yi<b
n=0 J

F _ ) MB _ T LY
ZF=1+y;, 2] _Zo”” = e,
n=

Therefore

Qp = H(1 -y Qf = H(l +Yi)s Qup = eXp (Z Yj>- (6.7)
J J j

J

The Bose sum requires u < ¢; for every state. With ground energy chosen as zero, 4 < 0 and
0 < z < 1 for a finite system. Fermions have no corresponding upper bound on fugacity.

For a = %1 the two quantum cases can again be combined:
1
g=InQ = 2 ZJ: In(1 + ay;), (6.8)

with the Maxwell-Boltzmann result understood as a — 0. This reproduces the pressure ex-
pression from the microcanonical calculation, now without large-cell counting.
Mean particle number and energy

Differentiate Eq. (6.8) at fixed one-particle spectrum:

N:Z<a_q) = yJ s
0z T,V 3 1+ayj

Jdq Vij
U=_(_) =Y
0B/, ZJ: 11+ ay;

The occupation of a particular state can also be extracted by differentiating its energy:

Thus
1

)= gy, FeZmh U=Zaly). (6.9)

This is the same smooth occupation law as Eq. (6.5). It does not imply that the most prob-
able occupation of a single quantum state equals its mean. The microcanonical maximum
described a coarse cell containing many states; a single-state distribution may be broad and
strongly asymmetric.
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6.3 Statistics of occupation numbers

Three curves and one classical limit
Let x = 8(¢ — u). The three mean occupations are

1
eX+1°

fup(x) =e™.

1

fB(x) = ox_1 fr(x) =

For bosons the allowed domain is x > 0. In their common positive domain,
Jr(x) < fus(x) < fp(x).

When x > 1, all three approach e ™. When x < 0, the Fermi occupation approaches one.
When x — 0%, the Bose occupation diverges. The pole permits large occupations; whether a
macroscopic condensate forms also depends on the total-number constraint.

(n)
3% S \
\ ! —— Fermi-Dirac
N ' ----- Maxwell-Boltzmann
5L N \ - - - Bose-Einstein (x > 0)

x=(€—-w/T

Occupations computed from the three exact formulas. The Bose branch is drawn only for x > 0 and
diverges at x = 0%. At x = 0, the Fermi value is 1/2 and the Maxwell-Boltzmann value is one.

For a one-internal-state nonrelativistic gas in the classical limit,

h
\ 2memT ‘

Thus n13 < 1 means low occupation per thermal state. Equivalently,

Zﬁl’ll‘ls, /‘lT=

2

h
T > —n?/3,
2mrm

If there are g equally populated internal states, the corresponding degeneracy parameter per
internal state is nA3/g.

Fluctuations of one state

A second derivative of q yields the variance:
9%q 2
32 = Fr) = (n)):
J
Since f; = 1/(ePCi=M 4 @),
of;
5o =—Bf(1-af).

a€j
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Combining the two identities,

Var(n;) 1
fj j

Bose statistics adds a term + sz; Fermi statistics subtracts it. Maxwell-Boltzmann statis-
tics has variance equal to its mean.

For a nearly full fermionic state, f i1, the variance tends to zero: there is no room to add
another particle. For a heavily occupied bosonic state, f; > 1, the relative variance tends
to one. Large mean occupation does not make this single-state grand canonical distribution
sharply concentrated.

The factorized ideal-gas grand ensemble has independent occupations of distinct modes. Fix-
ing total N canonically introduces correlations between them. The simple one-mode fluctua-
tion formulas should therefore be used with their ensemble specified.

The full distributions

The factor Z; normalizes the probability of each allowed n;. In terms of f = (n), the results
are

Statistics Pr(n) Allowed values
fl’l
Bose-Einstein W n=0,1,2,...
Fermi-Dirac Pr(0)=1—-f, Pr(l)=f n=0,1
n
Maxwell-Boltzmann e~/ % n=0,1,2,...

For bosons, Pr(n) = (1—y)y" with f = y/(1—y): thisis a geometric distribution. Itsratio Pr(n+
1)/ Pr(n) = f/(1 + f) is independent of n. Its most probable occupation is zero even when its
mean is large, illustrating the distinction between a one-state distribution and a coarse-bin
saddle point.

For fermions the distribution is Bernoulli. For Maxwell-Boltzmann statistics it is Poisson,
the reference distribution of independent occupancy events. Relative to that reference, Bose
occupations are super-Poissonian and Fermi occupations are sub-Poissonian.

6.4 Kinetic considerations

MAIN IDEA

Pressure measures the flow of momentum into a boundary. The same pressure derived
from In Q must emerge from the particle dispersion and its occupation numbers.

Pressure from the dispersion relation

For a large three-dimensional box and one internal state,
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Assume an isotropic dispersion € = €(p). From Eq. (6.8),

_4xnT oo

= 3
ah o

p?In (1 + aze <) dp.
Let f(p) = [z71ef<®) + a]~1. Then

d de
— —Be(P)) = — hd
O In(1+ aze ) a,Bf(p)dp.
An integration by parts gives

_4nT[p? e C am [T Lde
P= oV [3 In(1 + aze™"¢) . + p dpf(p)dp

3h3 J,
4ﬂ[m<dﬂ s
=== p— | p*f(p)dp.
3n3 ), dp

The boundary term vanishes for the dispersions considered here. The expression at a = 0
follows by a continuous limit. Also,

N 4n/°° )
=== p’f(p)dp.
Vo

Since the particle speed is u = de/ dp, division by the number integral yields
1

P= 5n(pu>. (6.11)
The average uses the actual Bose, Fermi, or classical distribution. No Maxwell-Boltzmann
approximation entered this result.
For a homogeneous power-law dispersion € = Cp®, pu = se, and

sU
P==:=.
3V

A nonrelativistic free particle has s = 2 and PV = 2U/3, where U is kinetic energy. A massless

particle has s = 1 and PV = U/3. Rest energy must not be included in U when using the
nonrelativistic kinetic formula.

(6.12)

Momentum transfer at a wall

For this velocity-space derivation take a nonrelativistic gas, p = mu. Let the wall normal
point along +z, with f F(u) d3u = 1. Particles with u, > 0 that strike area dA during time d¢
originate in a volume u, dt dA. Their number is

dN = nF(u) d®uu, dt dA.

Specular elastic reflection reverses p, and preserves tangential momentum. The momentum
transferred to the wall is 2p, per collision. Therefore

P= an pyu F(u)du.
uz>0

The integrand is even under reversal of u,. Extending to the full sphere removes the factor
two. Isotropy gives (cos® 6) = 1/3, recovering Eq. (6.11):

P =n(p,u,) = n{pucos’6) = %n(pu).
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) ) wall
incoming B
e

2p, to wall

>
o

reflected

The normal momentum reverses; the tangential component is unchanged. Each incident particle
transfers 2p, to the wall.

Effusion through a small aperture

Replace a small part of the wall by a hole. There is now no reflection, and the relevant observ-
able is the number crossing outward per unit area per unit time:

R= nf u,F(u)d3u.
uz>0

For an isotropic gas, u, = ucos 6 and

/2
f cos@szZn/ cosOsinfdb = 7.
outward 0

Thus .
R= nnf wF(u) du.
0

The normalized speed distribution is p(u) = 47u?F(u), so

1
R= Zn(u}. (6.13)

The factor 1/4 combines the outward hemisphere with the projected velocity. It is not
just the fraction of particles moving outward.

The aperture must be small enough for ballistic crossing, with negligible collisions inside it
and negligible incoming flux from outside. This is the effusive, not the hydrodynamic-flow,
limit.

Faster particles strike the opening more often. The escaping speed distribution is therefore

proportional to u p(u), not to p(u). For a nonrelativistic Maxwell gas, pes.(u) o ude—mu?/CT)
This weighting makes the energy of an escaping particle

m j£)°° uSe—mw?/2T) qy

<€>esc -

2 S0 udemmul@D dy

B

larger than the bulk mean 37/2. The re-equilibrating gas left behind therefore cools in an
otherwise thermally isolated idealized vessel. The same outward-hemisphere geometry will
give the factor c¢/4 in blackbody radiation.
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Lecture 6 in one page

1. Count states in a cell

For n particles and g one-particle states,

n+g-—1
e (717)

2. The occupation law

Maximizing multiplicity gives

where a = —1, +1, 0 for Bose, Fermi, and
Maxwell-Boltzmann statistics.

3. Why grand canonical is easier

Summing over N removes ), jn=N and makes
the modes independent:

1
— — ﬁ€'
q= InQ = Ej 11’1(1 + aze 1).

The a = 0 value is the continuous limit.

4. Classical regime

f<1, ny < 1.

Then both quantum distributions reduce to
Maxwell-Boltzmann. For bosons the exact
one-state domain is € > u.

LECTURE 6 - SIMPLE GASES

5. One-mode fluctuations

Var(n) = f(1 — af).

Bose occupations are geometric and
super-Poissonian; Fermi occupations are
Bernoulli and sub-Poissonian; the classical law is
Poisson.

6. A mean is not a mode

A Bose state can have large mean occupation but
most probable occupation zero. The coarse-cell
saddle point and the one-state distribution
answer different questions.

7. Pressure is momentum flux

For an isotropic ideal gas,
1
P== .
31 (pu)
For € « p?,
s
PV = -U.
3 U

This holds for Bose, Fermi, and classical statistics.

8. Escape weights fast particles

1
R:Zn<u>.

An effusing classical particle carries mean energy
2T, greater than the bulk mean 3T/2. The gas left
behind cools.

The next lecture follows the Bose distribution into the regime where one state can contain a macro-

scopic fraction of all particles, then applies it to photons.

10
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Ideal Bose Systems

Statistical Mechanics - Lecture 7

Saturation of excited states, Bose-Einstein condensation,
and the thermodynamics of blackbody radiation

THE THREAD OF THE LECTURE

Bosons can share a one-particle state. When the thermal wavelength becomes compara-
ble with the mean particle spacing, that permission changes the macroscopic thermody-
namics.

For a gas with conserved particle number, the excited states can accommodate only a
finite density at a given temperature. The remaining particles occupy the ground state.
For photons, particle number is not conserved; the chemical potential is zero, and the
same Bose occupation law becomes Planck’s radiation spectrum. These two applications
share a counting rule but impose different constraints.

Convention. We set kg = 1: 8 = 1/T and temperature has units of energy. With temperature
in kelvin, replace each thermal energy T by kg T; entropies and heat capacities acquire a factor
kg.

Notation. Only central equations are numbered. Intermediate algebra remains unnumbered.

7.1 Thermodynamics of an ideal Bose gas: the continuum, the ground state, the
classical limit, condensation, pressure, and heat capacity.
Connection What this model suggests about helium and ultracold atomic gases, and what
it does not establish.
7.3 Blackbody radiation: photon modes, energy density, pressure, entropy, and
radiated flux.

Reading. R.K. Pathria and P.D. Beale, Statistical Mechanics, 3rd ed. (2011), Chapter 7, §§7.1 and 7.3;
§7.2 provides context for the atomic-gas connection.
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7.1 Thermodynamics of an ideal Bose gas

Consider nonrelativistic, noninteracting bosons in three dimensions, with one internal state
and fixed mean density n = N/V. Choose the ground-state energy as zero. The grand canoni-
cal formulas from Lecture 6 are

1
=InQ =— In(1 — ze F)), N=) —.

For a finite system with finite occupations, 0 < z < 1 and 4 = T'lnz < 0. Quantum degener-
acy becomes important when

h

vV 27zmT.

The number N in thermodynamic formulas denotes the mean number; the bulk thermody-
namics will be compared at fixed N and V.

l’l/‘l3 Z 1, /‘lT =

Replacing the excited-state sum by an integral

For a large box with periodic boundary conditions,

1% v [
— Bk = — f k2 dk.
% — [k 5

3/2
K2 dk = %(i—m) 12 de.

Thus the density of one-particle states is

Since € = W?k?/(2m),

D(e)de = 2;:—3‘/(21’)’1)3/261/2 de. (7.1)

There is a subtlety at the lower endpoint. The continuum density vanishes at € = 0, but the
discrete ground state is one genuine quantum state. An integral must not erase it, especially
when its occupation can become macroscopic.

Separate the ground state before making the continuum approximation:
g=—-In(1-2) - f D(e)In(1 — zeB¢) de,
0

_ _z _D(e)de
N=No+N. No=r— N.= f T

The integral still begins at zero; an isolated point has zero measure in it. The discrete ground-
state contribution has been retained separately, not counted twice.

Bose functions

With x = e, define
xS~1dx

1 [ee]
8:(2) = I'(s) _é zleXx—1

The series follows from expanding (z7'e¥ — 1)1 = ] e>1 z"e“’x and integrating each expo-
nential. It also gives the useful derivative identity

(7.2)

||M8
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For the logarithm in g, integration by parts gives

o - 3/2
—f x21n(1 — ze ™) dx = %f _xdx
0 0

3 z=lex —1°

Combining this with I'(3/2) = \/;/2 and I'(5/2) = 3\/;/4, the thermodynamic expressions
simplify to

Vv
q=-In(1-2z)+ /1—3g5/2(z), N =

z Vv
+ —83/2(2). (7.3)
=2 1—z ,13T

The ground state contributes one logarithm to g, but can contribute an extensive number
of particles to N.

Why the ground state matters for number but not bulk pressure
From N, = z/(1 — z),

No
zZ = ,
Ny +1

—In(1 —z) = In(N, + 1).

If N, is proportional to N, its contribution to q/V is only In N/V — 0. Its contribution to the
particle density, Ny/V, remains finite.

The mechanical pressure is P = T(d,q)r . With zero ground energy independent of V, the
isolated ground-state term has no volume derivative. In the continuum bulk description,

T N — N, 1
P= /1—3g5/2(z), v 2 = /1—3g3/2(z). (7.4)
T T

The customary equality PV/T = q is a thermodynamic-limit statement here. Keeping the
subextensive —In(1 — z) in q does not make —T In(1 — z)/V an exact additional mechanical
pressure. Other finite-size boundary corrections are also outside the continuum approxima-
tion.

For the energy, differentiate at fixed z:

aq) 3VT
U = —\| === = - — Z).
(aﬁ v P /‘l?}' g5/2( )
Thus 3
U=3PV. (7.5)

The particles in the zero-energy ground state carry no energy in this model. The relation also
follows from the general kinetic result for € « p?.

The high-temperature expansion

At high temperature, y = nd3 < 1, z < 1, and N is negligible relative to N. The Bose series
gives
72 73
y=8p@) =24 apt
PA3. z2  Z3

T—gs/z(z)=z+ﬁ+m+'“
Invert the first series,

2
_ Y 1 1 3
Z= ‘ﬁ*(rm)““"
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and substitute in the second. The equation of state is

PV _ y (1 2\, 5
nr =135+ (5~ 3) 7 + 00 (7.6)

The first two corrections have coefficients —0.17678 and —0.0033001. The pressure is smaller
than the classical value even though the Hamiltonian contains no interaction. This is the
thermodynamic counterpart of bosonic bunching.

At fixed N, V, y « T~32, Using Eq. (7.5),

Cy 3 y 2
N =3[t oon).

The high-temperature heat capacity approaches 3N/2 from above. The dilute series cannot
determine the low-temperature behavior; there the full Bose functions and the discrete ground
state are essential.

Saturation of the excited states

The function gs/,(z) increases on 0 < z < 1 and has a finite maximum:
o0
g3p(1) = Y. €732 = {(3/2) =~ 2.612375.
o=1

Therefore the excited states can hold at most

3/2
NE(TY = %g{yz) _ v(z’;—TT) ¢(3/2). 7.7

At a given temperature, lowering ¢ empties excited states; increasing u fills them, but u cannot
rise above the ground-state energy. The finite limit in Eq. (7.7) is a capacity, not an approxi-
mation to an arbitrarily large number.

83/2(2)

§(3/2) fmmm ===

2,,

0 ; ;
0 0.5 1

z

The excited-state capacity is finite at z = 1. The slope nevertheless diverges there because
284,(2) = 81/2(2). The curve is evaluated from the Bose function, not approximated by a straight line
near saturation.

If N < N;"®(T), a fugacity below one can accommodate almost all particles in excited states.
If N > N"*(T), the excess must occupy the ground state. Define T, by N = N;"**(T.):

(7.8)

C

h2 n 2/3
~ 27m [§(3/2)]
This is the condensation temperature of the homogeneous, one-internal-state ideal Bose gas.
It depends on both density and mass.
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The condensate fraction

Below T, z approaches one from below in the thermodynamic limit, so

T 3/2
Ne=N<—> ,  Ny=N-=N,.
T

Hence

N, [1-@T)y”? T<T,
=0 = { (T/Te) “  in the thermodynamic limit. (7.9)

N o, T>T,

Bose-Einstein condensation is macroscopic occupation of a single one-particle state.

For a finite system z never equals one exactly. When N, > 1,

Above T, away from the finite-size critical region, N, is nonmacroscopic and Ny/N — 0.

fraction of particles

1 P e RRETETTLL ST L R s
0.5 + >
et — Ny/N
St --- N,/N
0 +=-==" 1 :
0 0.5 1 1.5

T/T,

Condensate and excited fractions in a uniform ideal gas at fixed density. The condensate curve is
1 — (T/T.)*2, not linear. Above T, the macroscopic condensate fraction vanishes.

The word “condensation” is an analogy with vapor condensation. Here the accumulation is in
one quantum state, which is spatially extended in a uniform box. It does not require an attrac-
tive interaction, and it does not mean that a real-space droplet has formed. The condensate
and excited cloud are components of the same gas, not automatically two separated spatial
phases.

Pressure and energy through the transition

For T < T, set z = 1 in the bulk pressure:
P(T) = = ¢(5/2) o« T2,
A
T

At a fixed temperature in this regime, adding particles to the condensate does not change P.
The ideal condensed gas is therefore infinitely compressible in the thermodynamic description.
Interactions, neglected here, can change this singular property.

At the transition,

¢(5/2)

R U 3¢(5/2)
nT.  ¢(3/2)

NT, ~ 2{(3/2)

~ 0.513512, ~ 0.770269. (7.10)
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For T > T, solve
T 3/2
gy2(2) = nh = 4312) ()

for z(T) and use
P gsn(2)
nT — gs(2)’

This implicit relation, rather than a hand-drawn interpolation, determines the normal-gas

branch.

PV/(NT,) = 2U/(3NT,)

34 / g
—— Bose gas at fixed n / .
- - - classical gas / '
---------- saturation boundary ’
2 4
1 4
0.5135 +
0 ~=— | } }
0 1 2 ’

T/T,

Pressure and energy at fixed density. The vertical normalization is by NT,, not by R.V. The Bose curve
follows the saturation boundary below T, and tends toward the classical line at high temperature. The
normal branch is computed from the Bose functions.

Heat capacity below and above T,

At fixed N, V below T,, U = (3/2)VTA73¢(5/2) « T*?2. Therefore

/2
Cy 15¢(5/2) ( T>3
— == T<T. A1
N T TG)\T) s e (7.1)
In particular,
CV(TC)
N = 1.925672.

For T > T, both the explicit factor of T in the energy and the implicit temperature dependence
of z must be differentiated. At fixed density,

g3/2(Z) X T_S/Z.

Using Zgl3/z = 81/2>

1 (3_Z) __38p@
z\oT /v 2T g1/2(2)

Now differentiate U/N = (3/2)Tgs/2/83/2:

N ~2gy, 2 zoT &,

Cy _ 38 3T13_Z 1 g5/2g1/2].

Substituting the derivative of z yields
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Cy _1585n(2)  9832(2)

N = 4.gp(2) 4g1(2)
The second term is the correction required by holding the density fixed. Differentiating
at fixed fugacity would miss it.

T>T,. (7.12)

Asz — 17, gy/,(2z) diverges and the second term vanishes. Equation (7.12) therefore meets
Eq. (7.11) continuously at T,. The slope changes discontinuously: there is a cusp, not a diver-
gent heat capacity. At high temperature all g,(z) ~ z, giving C,/N — 15/4 — 9/4 = 3/2.

Cy/N
1.9257 + ;\
3/2 tmmmmmmmmm e
11
0 ‘ ‘
0 1 2 3

T/T,

The homogeneous ideal Bose-gas heat capacity, calculated at fixed N, V. It rises as T*2, has a finite
continuous maximum at T,, and approaches 3N/2 from above. This ideal-gas cusp is not a quantitative
model of the sharp A anomaly of interacting helium.

Connection to helium and atomic gases

The resemblance between the ideal-gas heat-capacity maximum and the anomaly in liquid
4He motivated the historical connection between Bose condensation and the helium transi-
tion. Using helium’s density in the ideal-gas formula gives a temperature of order 3.1 K, com-
pared with the liquid’s transition near 2.2 K. The estimate identifies a quantum scale; it is not
a quantitative theory of the liquid.

The two-fluid picture distinguishes superfluid and normal components. They must not be
identified exactly with the ground-state occupation and the excited-particle number of a non-
interacting gas. Condensate fraction and superfluid fraction are distinct observables, and in-
teractions are central to liquid helium’s behavior.

Bose-Einstein condensation was demonstrated in dilute ultracold atomic gases in 1995. Cool-
ing and trapping made it possible to reach the quantum-degenerate regime in a setting much
closer to a weakly interacting gas.

7.3 Thermodynamics of blackbody radiation

MAIN IDEA

Matter in thermal equilibrium can create and absorb photons. Temperature is fixed, but
photon number is not. This removes the number constraint and sets the equilibrium
photon chemical potential to zero.
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Consider electromagnetic radiation in a cavity of volume V at temperature T. There are two
equivalent descriptions. One treats the field as a collection of distinguishable normal modes,
each a harmonic oscillator. The other treats its excitations as indistinguishable bosons called
photons. An oscillator occupation number is exactly the number of photons in that mode.

The oscillator energies are iw(n + 1/2). For thermal radiation we subtract the temperature-
independent vacuum energy; the excitation energy is nfiw. This subtraction does not change
the thermal photon occupations.

Photon modes and polarization

A photon of wavevector k has energy € = Aiw = #iclk| and momentum #k. In free space the
electromagnetic field is transverse. For a plane-wave polarization vector e,

k-e, =0.

There are two independent transverse polarizations. They can be chosen as linear polariza-
tions or as the two helicity states. A physical photon has no independent longitudinal polar-
ization mode.

With periodic boundary conditions for a large cubic cavity,
2
k= T(nx, ny,nz), Ny, Ny, Ny € Z.
Label a mode by (k, o), where o = 1, 2. Its occupation can be any nonnegative integer, and

E{nio} = ) haghyg.
k,o

The physical radiative modes have positive frequency. The continuum integral extending
down to zero frequency is a large-volume limit; no extra zero-frequency photon condensate is
included.

Because photons can be emitted and absorbed by the walls, 4 = 0 and z = 1. The grand sum
factorizes:

Q= Z e_[)’ Zk’g hwygngs

{nkc'}
)
= Z e—Bhayxn — H(l — e_ﬁhwk)_l.
k,o n=0 k,o
Therefore 1
= — — _ﬁhwk = —
q gln(l € )’ <nk0> eﬁhwk _ 1 .

The mean occupation of a wavevector including both polarizations is twice this value. This
factor must be included once, not once in the occupation and again in the density of modes.

The spectrum and total energy density

Including both polarizations, the number of modes in [w, w + dw] is

2

Vw?
(27[)3 4-7'l'k2 dk = % dw.
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Multiplying by the mean energy per mode gives Planck’s spectral energy density:

hwd 1 U ®
uw(T) = %m, u= V = l Uy, dw. (713)

Here u,, is a density per angular frequency. A spectrum per ordinary frequency or per wave-
length has a different Jacobian.

Set x = Shw. Then

L T4 ® x3dx
T m2h3c3 , -1

The dimensionless integral can be evaluated by the same series method as the Bose functions:

Thus

(7.14)

The T* dependence combines three powers from the thermally occupied photon modes
and one from the energy per photon.

Pressure and the other thermodynamic functions

Use the mode density to write

e}

_ 4 2 _ a—Phw
1=-—3 X w*In(l —e ) dw.

Since

d i
— _e—Phwy _ __FP"
T In(1-—e ) o 1’

integration by parts gives

_ phv fm w? dow BU

1= 3723 Bhw _1 3"
The surface terms vanish at zero and infinity. Hence

u_ T

= 3= S0 (7.15)

This agrees with the kinetic result PV = U/3 for a linear dispersion, € = cp.

At fixed volume,
(6U> am*V T3
Cyr=|5=| =———.
oT /y, 15 (hc)?
Because u = 0, the Gibbs energy is zero and the Helmholtz free energy equals the grand

potential:
G=uN =0, A=<1>G=—PV=—%.
The entropy is therefore
S— U-A _4U _ 4PV
T 3T T
Unlike a material ideal gas, this radiation field does not have a separately imposed particle-
number constraint.

(7.16)
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From energy density to emitted flux

Make a small hole in the cavity wall. The escaping radiation samples the interior equilibrium
field, while an incident ray entering the small hole is absorbed with high probability by the
cavity. This is the standard cavity realization of a blackbody.

Let 6 be the angle between an outward ray and the normal to an aperture of area dA. In time
dt, rays in that direction cross a volume

cdt dA cos®.

An isotropic radiation field has energy density u dQ/(4rx) in a solid-angle element. The outgo-
ing energy flux is thus

[ cu

/2
= — cos8dQ = ﬂ27r cosB@sin6dé.
47 4 o

outward
The angular integral is 7, giving

2
c s
“u=—_rT1%
4"~ some2

(7.17)

With temperature in kelvin this is I = o33 T*, where

kg
IsB = Gomdc2”

The factor 1/4 is exactly the outward-hemisphere projection factor encountered in effusion.

cavity: u, T

dA > normal

isotropic radiation

Only the outward hemisphere contributes to the emitted flux. Each direction carries a projection factor
cos 6; integrating it gives I = cu/4, not cu/2.

10
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The spectral flux and its limits

The same geometric factor applies at each angular frequency:

[ Gy et 1
@479 422 efhow _ 1

For hw <« T, expand the denominator:

Tw? . -
Uy & —3 (Rayleigh-Jeans limit).

The low-frequency behavior is w?, not w*: one power is canceled by the Bose occupation
T/(hw). For hcw > T,

u, ~ h—w3e‘h“’/ T (Wien tail).

@7 w23

The exponential suppresses high-frequency radiation. Extending the classical w? law to all
frequencies instead produces a divergent total energy: the ultraviolet catastrophe.

x3/(e* —1)
27 — Planck
/ - - - Wien: x3e~*
/e Rayleigh-Jeans: x?
1 4+ / ///
/ //’
/ ///
0 AL 1 1 1 |
0 2 4 6 8

X = hw/T

The dimensionless angular-frequency energy spectrum and its limiting forms. The exact spectrum peaks
near x = 2.821; its low-frequency rise is quadratic and its high-frequency tail is exponentially suppressed.

11
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Lecture 7 in one page

1. Do not lose the ground state

z
1—z

14
N =Ny + —5832(2), Ny =
At

The continuum does not count a discrete state of
macroscopic occupation.

2. A finite excited-state capacity

hz[n

y 2/3
N =/1_3T§(3/2), = om 4(3/2)] '

3. Condensation in state space
ForT < T,

N,
NO =1-(T/T,)*>

This is occupation of one quantum state, not the
formation of a liquid droplet.

4. Pressure and energy

T 3
P= /‘l_%-‘gs/z(z), U = EPV.

Below T, z — 1 and P « T%/2, independent of the
added condensate density.

LECTURE 7 - IDEAL BOSE SYSTEMS

5. A finite heat-capacity cusp

Cy/N < T32 (T < T,), Cy(T.)/N =~ 1.9257.

Above T, the heat capacity approaches 3N/2
from above. Condensation and superfluidity are
not identical claims.

6. Photons have 1 = 0

Two transverse polarizations, € = #ick, and no
fixed photon number give

!
Uo = m2¢3 ehw/T _ 1°

7. Radiation thermodynamics

274
7T u
U=——mor7, P=-, S
15(hc)? 3
The spectrum includes the two polarizations
exactly once.

_4Uu
T 3T

8. Outgoing flux

c 7Tt

4"~ eomscr

The 1/4 is an angular projection. Planck’s
spectrum rises as w? at low frequency and decays
exponentially at high frequency.

I =

One counting rule, two constraints: conserved massive bosons can condense; equilibrium photons

have zero chemical potential and a temperature-controlled spectrum.

12
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