STATISTICAL MECHANICS LECTURE 1

The Statistical Basis
of Thermodynamics

Multiplicity, equilibrium, and the origin of thermodynamic laws
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Why can a gas be predictable?

ONE MACROSTATE, MANY MICROSTATES THE OBJECT WE COUNT

A macrostate fixes a few bulk variables.

° R . A microstate specifies one complete
: . e . ° microscopic realization.
. . ° Q(E,V,N) = number of allowed states

(E,V,N) is the same

We do not need one microscopic
history. We need the weight of each
macroscopic possibility.

Positions are shown schematically; the

microscopic momenta are not specified.
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A first count: two energy levels

Take N distinguishable objects with
energies 0 and €. If m are excited,

E = me, Q(N,m) = (ivn)

Q(10, 5) = 252.

The energy fixes how many are excited,
not which objects are excited.
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ONE OF THE ALLOWED ARRANGEMENTS
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Large numbers make a narrow macrostate

Across all 2V configurations, each object is
excited with probability 1/2. Then

N[N
P(m) =2 N(m)'
(m) = g, Var(m) = g

Absolute fluctuations grow as \/ﬁ ; the
fractional uncertainty falls as N~1/2.

Statistical Mechanics - Lecture 1 - Statistical Basis

NP(m)

Exact binomial weights; vertical scale is
the density in m/N.

=0 N =20
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Equal probabilities within the constraints

THE MICROCANONICAL POSTULATE WHAT EQUAL WEIGHT DOES NOT MEAN
For an isolated system, assign equal States with the wrong energy, volume, or
probability to every accessible microstate particle number are excluded. Equal
compatible with the constraints. weight is not assigned to all conceivable
states.
1 The postulate specifies an ensemble. It
Pr= Q(E,V,N) is a statistical input, not a consequence

of state counting alone.

The probabilities sum to one because

exactly Q states are included. Lecture 2 asks whether mechanics preserves this

distribution.
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Contact turns counting into equilibrium

WEAK THERMAL CONTACT

El, VlaNl E25 VZ’NZ

energy exchange

E, + E, = E©
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A composite microstate is one choice in A,
and one choice in A,. Therefore

QON(E)) = (B (E® - Ey).

The most probable energy division
maximizes the product, or its logarithm:

8E1 In Ql = aEZ In Qz.

Equilibrium is a maximum of
multiplicity.
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Entropy and temperature emerge together

THE QUANTITY THAT EQUALIZES

_ (JdInQ
p= (o) |

Thermal equilibrium requires §; = 3,.
Thermodynamics requires 7} = T5.

S=ma)l 4=

S| -

With units restored: S = kzInQ, 8 = (kzT) ™.
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WHY A LOGARITHM?

Independent systems multiply their state
counts, but add their entropies.

ln(ngz) - ln Ql + 11’1 Qz.

Temperature is the inverse slope of
entropy: it measures how much the
state count grows when energy is
added.
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The equilibrium maximum is sharp

Let Sy (Ey) = S1(Ey) + S,(E® — E;). Near its maximum Ej,

1
Stot(El) =~ Stot(Eik) + ES

For two stable phases at the same
temperature, S’ = —1/(T?C;). Thus

GG

2 2
=T .
%, C, + G,
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ot(EY)(E — EY)>.

Since P(E;) x eSet(E1), the peak is
approximately Gaussian.

For ordinary extensive systems, C; ~ N
and E; ~ N. Hence op/E ~ N~1/2,

8/22



The second law is statistical, not mechanical

P(macrostate B) _ Qp

= = eSB —Sa .
P(macrostate A) Qy
WHAT THE COUNT SAYS WHAT THE COUNT DOES NOT SAY
A macroscopic entropy increase means an Counting alone does not give a relaxation
exponentially larger set of microscopic time, remove dynamical barriers, or
possibilities. A low-entropy preparation is make every individual trajectory
exceptionally atypical. monotone in entropy.

The second law concerns typical evolution from a low-entropy preparation, not a new
microscopic force.
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Three exchanges, three thermodynamic fields

Allow the composite system to exchange energy, volume, or particles. Maximizing total
entropy equalizes the corresponding derivatives.

1 P M
dS—TdE+TdV TdN.

ENERGY VOLUME PARTICLES

1 P U
@eShyn = 7 @vS)pn =7 OnS)gy = =7

With thermal equilibrium already established, these conditions become equality of T', P, and pu.
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Extensivity imposes structure

For a homogeneous bulk system,
extensivity means

E(aS,aV,aN) = aE(S,V,N).

Differentiate in ¢ at ¢ = 1:

E=TS—PV +uN|

Extensive variables set the size;

intensive variables do not grow with it.
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POTENTIALS CHOOSE THE CONSTRAINTS

A=E-TS,
G=E—TS+PV =uN,
Hy =E +PV.

Differentiating Euler’s relation and
subtracting dE gives

SAT — VdP + Ndu = 0.
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Positions alone give the ideal-gas law

THE CLASSICAL IDEAL GAS

3 |~'°~

There is no interaction energy. Each
particle can explore the whole volume
independently.

Q(E,V,N) x VNF(E,N).
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THE EQUATION OF STATE

P _(3S\ _ N
T (6_V)E,N v
[PV =NT|

The ideal-gas law follows from the
positional count before any
momentum integral.
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Scaling the box determines the energy

In a cubic box of side L, each one-particle
energy at fixed quantum numbers scales as

€, x [7? V-2,

Under quasistatic adiabatic scaling, the

occupied state labels stay fixed. Therefore

EV?/3 = constant.
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WORK CONNECTS GEOMETRY TO ENERGY

P__(G_E) _ 25
Vv /gy 3V

Combine this result with PV = NT:

No collision model is needed for these
equilibrium relations.
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Counting energies is high-dimensional geometry

The momentum constraint Y}, p? < 2mE is a P2

ball in 3N dimensions. Positions contribute
A

VN (27TmE)3N/2

Zun(E) = 5N TGN 1 1) P1

R =+\/2mE

Y(E) counts states below E. A thin energy
shell contains Q(E) ~ Z'(E)AE states.

Two-dimensional section of the
momentum ball; not physical space.
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Spheres and Gaussians share one formula

THE SAME GAUSSIAN IN TWO COORDINATE SYSTEMS

f e’ ddx = (W) = Ay, f e rd-1dr.
Rd 0

f e-rd-1dr = Lr(as2).
. 2

d/2 ﬂd/sz

27
Va(R) = Td/2+1) [

Ad-1 = Teapzy

The ideal-gas hypersphere and the canonical Gaussian integral are two versions of the same calculation.

Statistical Mechanics - Lecture 1 - Statistical Basis

15/22



A provisional entropy reveals a missing factor

Take In X, and use Stirling’s formula, keeping terms extensive in N:

V (4mrmE i 3
Slab—Nlnl:F( 3N ) +§N
IT GETS SOME THINGS RIGHT IT FAILS THE SIZE TEST
Differentiation in V and E gives PV = NT Under (E,V,N) — (aE,aV,aN), an
and E = 3NT/2. unwanted aN In « remains.

The derivatives can look correct while the absolute state count is wrong.
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Mixing different gases creates new possibilities

TWO DIFFERENT GASES
° ° ° ° e o o ©
—
o o o o PY o o ©
before after

Initially the same temperature and density. Each
species gains accessible volume.
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For different species, each gas expands
fromV;toV =V, + V,.

%4 %4
ASmix = Nl In 71 + Nz In 72

Nl :NZZN: ASle=2N1n2

This is a real change: the species are
physically distinguishable.
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The Gibbs paradox is an overcounting problem

NOW USE THE SAME GAS

At the same temperature and density,
removing the partition changes no bulk
macrostate. There is no extensive entropy
of mixing.

Permanent labels count permutations as
different states, although no
measurement can distinguish those
permutations.
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REMOVE THE OVERCOUNTING

Qg
U N’

S = Slab —InN!.

In the dilute classical limit, each physical
arrangement has been counted N! times.

InN!~NInN — N.

For a mixture, divide by N;!N,!, not by
(N, + N,).
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Sackur-Tetrode: an extensive entropy

The corrected ideal-gas entropy is now extensive:

v (4ammEN?] s
S_N{ln[ﬁ<3Nh2) ]+§ i

With E = 3NT/2, define the thermal

wavelength and density: S=Nl|In N + 2 )
niy 2
Ap = — _N
r= ’ "=y Only the intensive ratios E/N and V/N

occur inside the logarithm.
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One entropy gives isotherms and adiabats

REVERSIBLE CHANGES

For an isothermal change, E is fixed and

21
Vi
AS =NlIn —. &
Vi &
For a reversible adiabatic change, S is fixed:
0 ‘ ‘
TV?3 = const., PV53 = const. 1 2
VIV;
Cp =5N/2,s0y = Cp/Cy = 5/3. — isothermal - - - adiabatic
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The same count gives the chemical potential

Using E = 3NT/2 and the corrected entropy,

A=E—TS =NT[In(n1}) — 1].

ADDING ONE PARTICLE THE CLASSICAL REGIME

E ny<1 = u<0.

_(oa _ 3
U= (6N>T,V T In(niy)

A7 supplies the quantum counting scale even when the motion is treated classically.
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From multiplicity to thermodynamics

COUNT DIFFERENTIATE

QE,V,N) — S=IhQ _dE P u
dS = = + zdV - ZdN

Many microscopic realizations give one
macroscopic description. For ordinary
large systems, relative fluctuations
become small.

Temperature, pressure, and chemical
potential are derivatives of the entropy,
not additional microscopic assumptions.

Correct counting needs both the quantum cell #3N and the permutation factor N!. Next:
how does an ensemble move through phase space?
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STATISTICAL MECHANICS LECTURE 2

Theory of Ensembles

Phase-space flow, invariant measures, and the size of one state

Tsvi Tlusty - UNIST Convention: kg =1




Mechanics becomes a flow in phase space

A classical microstate is one point in 6N
dimensions:

I'=(q1; - 93N5 P1> -+ » D3N)-

OH . 0H

q; = a_pl pbi = —a—qi-

For a time-independent Hamiltonian,
dH/ dt = 0. The trajectory stays on an
energy surface.
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A HARMONIC ORBIT
p

H(q,p)=E
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Newton’s law in phase-space form

ONE CONCRETE HAMILTONIAN

_ Dy+Dpy+p2
N 2m

H + mgz.

The vertical energy E, = p2/(2m) + mgz is
constant. Upward motion slows, turns,
and falls.
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VERTICAL MOTION AT FIXED ENERGY

Pz

Turning point: p, = 0,
z = E,/(mg).
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From one history to a distribution of possibilities

An ensemble is a distribution of possible

microscopic states, not a new physical
system. (1@ = [ fpr.nar|
/p(F, t)dr =1.
The probability in a small phase-space te * ., ‘
volume is p(T, t) dT. . te o, . 0 4
An observable is averaged over the e ’

ossible preparations.
p prep an ensemble of phase points
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Time averages versus ensemble averages

WHAT A LABORATORY OFTEN MEASURES WHAT AN ENSEMBLE CALCULATES
— 1 G
F=tm ! [ o 1 = [ fpmar.
To00 T 0
This follows one realization for a long This averages over microscopic
time. preparations at one time.

Ergodicity can connect the two averages. It is a property of the dynamics and measure,
not a consequence of having many degrees of freedom.
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Probability obeys a continuity equation

For a fixed region R in phase space,
probability changes only through its
boundary:

ai/pdl"=—9s pv-ni do.
t R OR

The divergence theorem, for arbitrary R,
gives the local conservation law.

6P+ Vr- (pv) = 0|
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fixed region R

p(T, 1)

inflow

outflow

—_—
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Hamiltonian flow is incompressible

Hamilton’s equations make the divergence of the phase-space velocity vanish:

dq; = 9Op; 0’H °H '\ _
Vrov= Z(aql _z> Z(a%apz 6p10qi>_

The cloud can shear, stretch, and fold,

but its phase-space volume is
- unchanged.
R(0) R(t) Vol R(t) = Vol R(0).
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Liouville’s theorem: density travels unchanged
Since Vr - v = 0, the continuity equation becomes

3o + D, (di 8q,0 + Pi 8p,0) = O.
i

POISSON-BRACKET FORM FOLLOW A MOVING PHASE POINT
|8:p +{p. H} = 0] do _,
d

{A, B} = 3,[(84,4)(6,,B) — (8p,A)(84,B)]. The same convention is used throughout.
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A conserved density is not necessarily stationary

MATERIAL DERIVATIVE STATIONARITY
d —
d—f=6tp+v- Ve =0. 9o = 0.

A stationary ensemble has an
unchanging density at each fixed
location. It must additionally satisfy
{p,H} = 0.

A moving phase point carries a constant
density. The surrounding distribution may
still change at any fixed location.

Incompressible motion does not mean motionless probability.
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Functions of conserved quantities are stationary

For a time-independent Hamiltonian, let EXAMPLES AND A LIMITATION

A constant weight on an energy shell is
o(T) = F[H(D)]. stationary. So is a Boltzmann weight
e PH, once normalized.

{F(H),H}=F'(H)}{H,H} = 0.
Stationarity does not select the
equilibrium ensemble uniquely. The
imposed constraints and statistical
More generally, a function of conserved assumptions select the weights.
quantities is stationary.
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An energy shell defines the ensemble

Define the phase-space volume per unit
energy,

w(E) = f S[H(T) — E]dT.

S[H(T) — E]

pmc(r) = CO(E)

Equivalently, use a uniform thin shell of width
AE, then take a suitably narrow-shell limit.
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A schematic energy shell, shown for an

oscillator.
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What Liouville proves - and what it does not

THE INVARIANT SURFACE MEASURE

ffS(H—E)dF:f |J;Fdf—21|'
H=E

Uniform in a thin phase-space shell does
not mean uniform Euclidean area on the
surface H = E.
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MECHANICS AND STATISTICS

Liouville’s theorem preserves the chosen
microcanonical measure. It does not
prove equal a priori probability or
convergence to equilibrium.

The microcanonical postulate chooses
the measure. Hamiltonian dynamics
makes that choice consistent in time.
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The ideal-gas phase volume

For N ideal-gas particles, the positions contribute V¥ and the momenta fill a
3N-dimensional ball:

)3N/2

_ _ N Q@mmE
®(E) = /H<E ar=v I'(3N/2+1)

o= 30 VI

0E T(3N/2)

® and wAE are still dimensional volumes, not numbers of quantum states.
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An oscillator’s area is an action

p?
1
H(q, p) = 5 + sm’q’.
2E
Qmax = P Pmax = V2mE.
The area enclosed by the orbit is
27E

A(E) = TT(QmaxPmax = T
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pmax

q
qmax
An action: area has units of position X
momentum.
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One added quantum contributes an area h

The oscillator spectrum has equally spaced
energies:

1
En = <n+ E) hw.

Adjacent levels differ by AE = hw.
Therefore

A

=

The radii grow as V' n + 1/2; adjacent annuli
have equal area h.

AA:%TAE=27rh=h.
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The uncertainty scale is not the counting factor

UNCERTAINTY FIXES THE SCALE STATE COUNTING FIXES THE FACTOR

AqAp > one state per 4/ in 2f dimensions.

S

Quantum states cannot be localized The oscillator, or the spacing of
arbitrarily sharply in both variables. wavevectors in a box, gives the exact
semiclassical counting factor.

The phase-space cell is a counting rule, not a claim that every quantum state occupies a
disjoint rectangular tile.
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From phase volume to state count

For a phase-space region R with f canonical pairs, the semiclassical count is

1
~ faqdf
# states ~ ffd q d/ p.

FOR A DILUTE IDENTICAL GAS TWO DISTINCT CORRECTIONS
h3N converts a phase volume into a state
Q(E,V,N) ~ (B count
© 77 NN '

N! removes permutations of identical
particles.

These factors cancel in normalized classical averages, but not in entropy or chemical potential.
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The same rule counts electromagnetic modes

In a large periodic box, one wavevector state
occupies (277)3/V in k space.

dk
|4
dNV =2 47k? dk.
(2m)3

The factor 2 is the number of transverse
polarizations. With w = ck,

Vaw?

dnN = m dow |. A section of the wavevector shell. The full

shell is three-dimensional.
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States, motion, measure,

MECHANICS

(@, p) — (4,p)

Hamilton’s equations move microstates.
Liouville’s theorem preserves phase
volume and transports density.

and counting

STATISTICAL DESCRIPTION

p@) — ()

The ensemble weights possible states.
Quantum mechanics supplies the
counting scale h/.

An isolated system uses an energy-shell measure. Next, thermal contact replaces the

fixed energy by a Boltzmann weight.

Statistical Mechanics - Lecture 2 - Theory of Ensembles
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STATISTICAL MECHANICS LECTURE 3

The Canonical Ensemble

Boltzmann weights, response, and the limits of equipartition
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A heat bath replaces the fixed energy

reservoir at T

system

fixed V,N

energy exchange

Weak coupling makes the composite energy
approximately additive.
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For a microstate r of energy E,, the
reservoir has energy E©®©) — E,.

pr x Qp(E©® — E,).

SR(E® — E,) = SR(E®) - BE,.

The reservoir’s entropy slope supplies
the factor e #Er, with 8 = 1/T.
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The canonical probability law

e_ﬁEr

Pr

A MICROSTATE PROBABILITY

Pr _ —BE,~Ey)
Ds

The ratio depends on the energy
difference. Normalization is supplied by

Qn-
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Qn(T, V) =D e FEr,

AN ENERGY-LEVEL PROBABILITY

.e—BEi
8i¢
P(E;)) = =——
( l) QN
An energy shared by g; microstates has
an extra degeneracy factor. Do not
confuse a state with an energy level.

3/33



The same law from a maximum of multiplicity

Take )V distinguishable copies. If n, copies occupy microstate r,

N!
W= : n, =N, n.E, = NU.

Hr n,! Zr: r zr: rtr
Maximize In W under the two constraints. The stationary occupations satisfy
Stirling gives

—BE,
InW ~NInN - > n,Inn,. n_;kzeﬁ )
r N QN

The multiplicity is exponentially sharp in V. This reproduces the reservoir construction.
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The first derivative gives the mean energy

For a spectrum independent of temperature, differentiate the normalization sum:

= IR = v @),
_ _ dlnQ
U=@)=~( aﬁN>V,N |

The partition function is a generator: its logarithmic derivatives are equilibrium
observables.

Statistical Mechanics - Lecture 3 - Canonical Ensemble
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Entropy identifies the Helmholtz free energy

Since — In p, = BE, + In Qy, averaging over TWO IMPORTANT LIMITS

the canonical ensemble gives
For Q equally probable states, S = In Q.

S=-> p/Inp, =BU +1nQy.
g As T — 0%, a nondegenerate ground state
has pp > 1and S — 0.

UseA=U-TS:
A ground-state degeneracy g, instead
‘ A(T,V,N) = —TInQy | leaves a residual entropy In g,.
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One potential generates the thermodynamics

dA = —SdT — PdV + udN.

S=- (aTA)V,N , P=-— (aVA)T,N » M= (aNA)T,V-

If an external parameter A changes the
Hamiltonian,

2 ()
o1 \aa/’
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The conjugate generalized force is

X; = —0,A.

Pressure is the case A = V.
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The partition function is a Laplace transform

RESOLVE THE STATE COUNT BY ENERGY KEEP THE THREE COUNTS DISTINCT

Let D(E) dE be the number of states in an

energy interval. Then L dz
D(E) = T5»
E

Qn(B) = f D(E)e PEdE | I(E) = f D(E")dE’,

Q(E) ~ D(E)AE.

The canonical partition function is a Laplace

transform of the density of states. D is a density, T is cumulative, and Q

counts a thin shell.
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Classical weights in phase space

For N identical particles in the dilute Maxwell-Boltzmann regime,

1 _
QN — NN /e BH(q,p) dSNq dsz.

_ [ f(@ePEM
<f> - fe_ﬁH(F) d].—‘ .

The counting factors matter for A, S, and u, but cancel in normalized classical averages.
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The ideal gas becomes a Gaussian integral

For an ideal gas, the positions give V" and

each momentum integral is Gaussian: N

THE ENTIRE CALCULATION IN ONE

1

Qsz

f ePP*/@m) $3p = 2xmT)32.
R3

(

v
At

)

N

Taking the logarithm before
h differentiating makes the

Validity requires n13 < 1: quantum exchange is then negligible.
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thermodynamics immediate.
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The ideal gas: differentiate once

InQy =—InN!'+NInV —3NInAg.

ENERGY AND PRESSURE FREE ENERGY AND ENTROPY

— 3
U=-dglnQy = %NT, A = NT[In(n17) — 1],

P=Td,InQy = Ig

3
Cy = SN, u = TIn(ni3).
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S = N[In(1/(nA3)) + 5/2].
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Recovering the density of states

Write the canonical result as Qy = Cyf~%, with a = 3N/2 and
Cx = VNQ@rm)3N2/(N1h3N),

€ Ea—l 6E
- —_ p-a
/0 F(a)e dE = 74

VN(Zﬂm)3N/2
NI!h3NT(3N/2)

D(E) — 3N/2-1

The canonical Gaussian integral recovers the microcanonical hypersphere count.
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Energy fluctuations are a response coefficient

Differentiate the mean energy once more:

62 In QN _ 2 2 _ oU
6—52 = <E > — <E> = Var(E) = —%.
Since dT/dp = -T2, The same coefficient controls a

spontaneous fluctuation and a response
to changing temperature.

Var(E) = T*Cy |.

For a temperature-independent
canonical Hamiltonian, Cy, > 0.
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Many energies, one narrow window

The full energy probability includes the
density of states:

D(E)e FE

P(E) = Qn

For an ideal gas, a = 3N/2 and P(E) is a
gamma distribution:

U=aT, E*=(a—1T, o%=aT?

Mean and mode differ by T, a relative difference of
order 1/N.

Statistical Mechanics - Lecture 3 - Canonical Ensemble

UP(E)

---N=2
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The saddle point explains ensemble equivalence

Choose a fixed microscopic bin AE,, and define Sz(E) = In[D(E)AE,|. The dominant
energy satisfies

1

P(E) ~ M]

1
\ 27 T2Cy, p[ 2T*Cy

For an ordinary bulk phase, U ~ N and C;, ~ N, so og/U ~ N~1/2,
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A subextensive cost for the width

The same saddle point estimates the partition function itself:

~ V21T2Cy s 5n)-gE*

N=""AE,

A\ 27TT2CV

A~ E* —TSp(E*)— Tln AT

The first two terms are extensive. The width contributes only O(T In N), which vanishes
per particle.
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An integration-by-parts identity does the work

Let x; be a phase-space variable. If the boundary term vanishes, integrate by parts:

0= faxj(xie_ﬁH) dI" = 5ijfe_BH dr — B/xiéxjHe_ﬁH dr.

The boundary assumption is automatic for Gaussian momenta, but needs care at hard
coordinate walls.
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One quadratic term gives T/2

If an unconstrained variable enters only COUNT QUADRATIC TERMS

through a quadratic term, H D ax?, then
A monatomic gas has 3N translational

terms: U = 3NT/2.

(x6,H) = 2(ax?) = T. A set of N one-dimensional oscillators
has 2N terms: U = NT.

(ax*) =T/2|

Equipartition is classical. A quantum degree of freedom freezes out when its energy
spacing exceeds T.
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The virial theorem connects forces to pressure

For a confined system, define the virial coordinate G = }}, r; - p;. In equilibrium,

0=<G>=2<K>+<zi:ri-Fi>.

THE WALL CONTRIBUTION THE GEOMETRIC STEP

<zri.F‘iNaﬂ>:_psﬁr.ds:_gpv, 9Sr-dS:/V-rdV=3V.
: v

Confinement or bounded virial motion is needed to set the long-time average of G to zero.
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Interactions correct the ideal-gas pressure

For pair forces, action and reaction combine as r; - F;; + r; - F;; = r;; - F;;. Hence

1
PV=NT+§<Zr1JFlJ> b

i<j

A CENTRAL PAIR POTENTIAL .
attraction

1 [
PV =NT — §<Zriju’(rij)>.

I<J rij'Fij<O
r;j = 1; — rj; Fy; is the force on i due to j.
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The classical oscillator has two quadratic terms

1 2 2,2 T
— = —Blp?/2m)+mw?q?/2] —
W=7 /dp dge hw’

INDEPENDENT LOCALIZED MODES CLASSICAL THERMODYNAMICS

Qn = q) = (Bhw)™. U=NT, Cy=N,
A = NT In(fhw),

There is no particle-permutation factor S = N[1 — In(Bhw)].
1/N! for distinct oscillator modes.
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Quantum oscillators: discrete excitation

The quantum levels are E,, = (n + 1/2)hw. A ZERO-POINT PLUS THERMAL ENERGY
geometric series gives

U _ ho hw
S 1 N-72 T
q = Z e—Bhw(n+1/2) _ ) N 2 e -1
= 2 sinh(Bhw/2)
Cy _ X% oo he
For N independent modes, Qy = qY. N  (ex-1)% T

Differentiate its logarithm as before.

Discreteness replaces classical
equipartition at low temperature.
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Equipartition is the high-temperature limit

ENERGY HEAT CAPACITY

U/(Nhw)

T/(hw)

T/(hw)
— quantum - -+ classical

— quantum - -+ classical
23/33
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The oscillator count agrees

Put R identical excitation quanta into N distinguishable oscillator modes. The energy and
multiplicity are

N R+N-1
STARS AND BARS Stirling’s fOI‘Inula and ﬁ = aE h‘l QR glVe

R 1

N hw _1°
(2,1,0,3) : N=4, R=6 N B 1
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Classical moments in a magnetic field

A localized classical dipole of magnitude THE LANGEVIN FUNCTION
in field B has E(6) = —u,B cos 6. Write
x = u B/T.

M 1
N, - L(x) = cothx — <t

@ = /exmedg = 4nSinfx.

L(x) ~ g (x < 1),

L(x)>1 (x— o).
The total moment is M = Tdg In Qp, with

_ N
Qv =47 Weak fields give Curie’s law:
x = dgM = Nu2/(37).
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Quantum moments: discrete projections

Label the 2J + 1 moment projections by m = —J, ..., J. Write ug,, = gyugJ and x = g, B/T.
Then E,,, = —ug,Bm/J.

J

sinh[(2] + 1)x/(2])]
q, = exm/J — :
m;J sinh[x/(2J)]
M _ 27 +1 2J+Dx 1 x
Mo B;(x)|, Bj(x) = 57 coth 7 X coth 7

Mg is the Bohr magneton; g; sets the moment scale. The finite geometric sum replaces the angular integral.
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Curie response crosses over to saturation

The small-field limit is

J+1l - N JU+1)

By(x) = —=7=x, 3T

ForJ = 1/2, By/5(x) = tanh x.

At fixed saturation moment, J — oo gives
the classical Langevin function.

J(J+1)+S(S+1)—L(L+1) for
2J(J+1)

In LS coupling, g5 = 1 +
J > 0.

Statistical Mechanics - Lecture 3 - Canonical Ensemble
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Two levels and negative temperature

For N independent two-level units with energies —e and +e,

Qy = [2cosh(Be)]N.

U = —Ne tanh(Be),
S = N[In(2 cosh(B¢)) — Be tanh(Be)],

C = N(Be)? sech’(Be).

The bounded spectrum keeps the partition function finite even when g < 0.

Statistical Mechanics - Lecture 3 - Canonical Ensemble
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Beyond the entropy maximum

Let u = U/(Ne). The upper and lower =0
fractions are (1 + u)/2 and (1 — u)/2. a

Counting gives 2 b
S 14+u, 14u 1—-u, 1—u
N2 3 T3 b5 %
T>0 T<0
ﬁ_a_S_inl—u 0 : ‘
T OU 2 1+4u] -1 0 1
u = U/(Ne)

Adding energy beyond the maximum lowers S.
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Negative temperature is hotter, not colder

Transfer a small energy 6Q > 0 from system A to system B. The total entropy change is

0Siot = —B46Q + BdQ = (B — B4)30Q.

THE THERMAL ORDER
If B4 < B, energy flow from A to B

increases total entropy. A negative-f3
system can heat any positive-{ system.

Statistical Mechanics - Lecture 3 - Canonical Ensemble

THE PHYSICAL RESTRICTION

Negative temperature needs an
upper-bounded accessible spectrum and
isolation from unbounded degrees of
freedom, such as free-particle motion.
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The Schottky peak is a redistribution window

G

() 2 2
N X~ secn Xx, X |T|

At low |T|, almost all units occupy one
extreme level. At high |T|, the populations
approach equality and the energy saturates.

The heat capacity is largest where thermal
energy can most effectively redistribute
the populations.

Statistical Mechanics - Lecture 3 - Canonical Ensemble

0.4 +

C/N

0.2 t

|T|/e
Peak at |T|/e ~ 0.834; C/N ~ 0.439.
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Infinite temperature is a regular point in beta

For a finite one-unit spectrum {e, }i_,, let the overbar be the uniform average and
02 =¢2 — &2 Near 8 =0,

2
Ing, =lnq—pBé+ 703 + O0(B3).

H=»§—,3c72+0(,62) E=1nq——2c52+0(;63)
N ¢ N 2°°¢ '

B = 0is the maximum-entropy state. Entropy is even in § only for a spectrum symmetric
about its mean.
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The canonical toolkit

THE CANONICAL TOOLKIT
e_BEr
pr = . A=-TInQ N-
Qn

U = —-331nQy, Var(E) = T*Cy,.

One normalization sum generates the
equilibrium thermodynamics and the
fluctuations around it.

Statistical Mechanics - Lecture 3 - Canonical Ensemble

THE LESSON FROM THE EXAMPLES

Classical quadratic variables
equipartition. Quantum level spacing
freezes motion out. Bounded spectra can
pass through 8 = 0 into population
inversion.

The canonical ensemble allows energy
exchange. Lecture 4 adds particle
exchange, and the chemical potential
enters the statistical weight.
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STATISTICAL MECHANICS LECTURE 4

The Grand Canonical Ensemble

Fugacity, fluctuations, and the geometry of phase coexistence
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What changes when particles may enter?

THE HIERARCHY OF CONSTRAINTS

microcanonical
E,V,N fixed
| exchange energy

canonical
T,V,N fixed
| exchange particles

grand canonical
T,V,u fixed

Statistical Mechanics - Lecture 4 - Grand Canonical Ensemble

THE CENTRAL MOVE

The reservoir replaces two conserved
quantities by two intensive variables:

E—T, N «— L.

The volume is held fixed. Energy and
particle number fluctuate, while T
and u remain imposed by the
reservoir.
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The reservoir prices a microstate

For a system microstate (N, r) with energy Ey ,,
reservoir R

energy and particles Py x Qr(E©@ — Ey L NO _N).

system A
fixed V Expand the reservoir entropy S = In Qp:
Eg,Ng > E,N 35 5
. ~ ¢©® _(9°RrR _ R
reservoir fixes T, u Sr =~ Sk (aER>EN” <6NR>N

E N

_ 0 _ ENgr KN

=Sk Tty

Energy costs E/T; admitting N particles
returns uN/T.
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The grand-canonical probability law

NORMALIZATION OVER ALL PARTICLE-NUMBER SECTORS

—B(EN,-—HN) had
_c ’ _ —B(En r—uN
pN,V_T Q_I\]Z_()Ze ﬁ( N,r—H. )
=0 r
Introduce The probability is attached to a
— ;= P = o=t microstate. A probability for an energy

interval must also include the density of

states.
; i o—aN—-BE
Then the weight is e PEN.r, When N is fixed, e##N cancels and the canonical
ensemble is recovered.
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The same law from many copies

Take V' > 1 distinguishable copies and let
my » be the number in state (N, r).

ZmN,r=N, ZNmN,,=NI\7,
N,r N,r

Z EN,rmN’r =NU.

N,r
The multiplicity is
N
W=eoF————.
HN r mN,r!

)

Statistical Mechanics - Lecture 4 - Grand Canonical Ensemble

Maximize In W under the three
constraints:

In the many-copy limit, the most
probable frequencies become the
grand-canonical probabilities.

The reservoir and maximum-multiplicity
constructions are two views of the same
ensemble.
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One potential contains the thermodynamics

Letq=InQ. FromIn py , = —q — aN — BEy;,
5=_Zp1np=q+ocN+ﬁU.

Using @ = —u/T and 8 = 1/T gives

| =U-TS—uN=-TInQ|

|dPg = —SdT — PdV — Ndy|

For a homogeneous macroscopic phase, @ is the natural potential when T, V, u are
PV controlled. Stable equilibrium minimizes it.
‘DG =—-P V, - T .
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Fugacity makes a generating function

Group microstates by particle number:

N=0

QzV,T)= Y, zNQn(V. 1) z = efK,

FIRST DERIVATIVES: MEANS

Statistical Mechanics - Lecture 4 - Grand Canonical Ensemble

LEGENDRE RETURN TO FIXED N
A=®;+uN=-Tq+NTInz,

S=q+l—7{—N1nz.

‘ Second derivatives of q give fluctuations and

response functions.
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Example: the classical ideal gas

For independent indistinguishable particles in the Maxwell-Boltzmann regime,

N
o = WD)

Therefore
Q= Z ZVf(T) = exp[zV f(T)], q=zVf(T).
N=0
N =zVf(T), P=zTf(T), PV =NT. Uu_.,d
i T2 ln f(T).

If f(T) x T¥, then U = vNT and C;, = vN.
Internal states change U and Cy,, but not the ideal-gas

equation of state.
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A different sum: independent localized units

If each localized unit has partition function ¢(T) and distinct locations,

— N =
Qv =¢(DY, 0=, (D" = ;5.

Write x = z¢(T). Then

X U (T
N = , = = TZM.
1—x N &(T)
For one harmonic degree of freedom, This is a formal localized-unit model, not a
1 T complete compressible solid. It has
Paqm = Zsinh(w/2T)’ bq = PP Var(N) = N(N + 1), so relative number

fluctuations do not vanish.
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Solid-vapor equilibrium is equality of fugacity

At equilibrium,

dilute vapor Mg =Us < Zg=2Z
particle .
exchange For a dilute gas, z; = Ng/[V; f(T)]. For a
macroscopic localized phase, z;¢(T) ~ 1. Hence
solid
Ne  f(D) Tf(T)
g
L2 p(T)= )
v Sem D= 5m

For a monatomic vapor above an Einstein solid,

T .
Py, = —[2sinh(hw/2T)Pe~¢/T.
/1T
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Fluctuations and compressibility
Since N = —4,4,

oN
Var(N) = 82 =T<—) )
( ) qu a’u T’V

For one homogeneous component, Gibbs-Duhem gives (du)r = dP/n, while
(0n/0P)r = nxy. Therefore

Var(N) _ Var(n)  Txr

N2 n2 14
Away from a transition, xr is finite, so For an ideal gas, xp = 1/P and Var(N) = N
\VVar(N)/N ~ N-1/2, (the Poisson law).

High compressibility means large spontaneous density fluctuations.
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Energy fluctuations: a second channel
At fixed fugacity,

oUu
Var(E) = T? (—) :
oT ),y

But changing T at fixed z changes both the energy per particle and the mean particle
number. For a smooth bulk equation of state,

2
Var(E)ge = T°Cy + | == Var(N) |
ON /7y
Canonical energy fluctuation Particle-number contribution
Energy redistributes at fixed N. Particles enter and leave.

Grand-canonical energy noise is never smaller than the canonical energy noise of the same bulk phase.
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Coexistence: equal chemical potentials

liquid

critical
point

solid

triple point

vapor

Statistical Mechanics - Lecture 4 - Grand Canonical Ensemble

Two phases A and B coexist when
transferring one particle costs no Gibbs
energy:

|1a(T.P) = pp(T. P) |

P A coexistence curve solves this equality.
p Three curves meet where ug = ur, = Uy

p Only the liquid-vapor line ends at a
critical point.

At criticality, liquid and vapor become one
phase.
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A line in P-T becomes a region in P-v

critical

fixed T: tie-line

liquid + vapor

Statistical Mechanics -

Lecture 4 - Grand Canonical Ensemble

At fixed T and coexistence pressure,
the endpoints are the pure phases.
Intermediate volumes change only
the phase fraction:

v =(1—x)v; + x0y,

U —1U;
vv_vl.

X =

The tie-line fixes the two phases; the
lever rule fixes their proportions.

At criticality, v; and v, merge and the

region closes.
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Gibbs energy at coexistence

At fixed T, P,N, let Ny + Ng = N. Neglecting interfaces,

G = G4(T,P,N,) + Gg(T, P,Ng), dG = (g — up) dNy.

G
G =Nup + Na(ua — up).
. - Ha > Up
: o ’ Away from coexistence, the minimum
et - Ua = g lies at one endpoint: one pure phase
» - wins.
e Ha < Up At uy = Ug, the bulk Gibbs energy is flat.
oo Changing the phase fraction costs no bulk
6 N A Gibbs energy.
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The Clapeyron equation

Along a coexistence curve, u, (T, P) = ug(T, P). Since
du = —sdT + vdP,

differentiating the equality gives

—SAdT+UAdP=—SBdT+UBdP.

% = E = i ! ¢ = TAs.
dT Av  TAv
For vaporization, As > 0 and Av > 0: the slope is For melting, Av may have either sign. Water has
positive. a negative slope because liquid water is denser
than ice.

Latent heat and volume discontinuity determine the geometry of the phase boundary.
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Lecture 4: the structure to retain

EXCHANGE FLUCTUATIONS
Dy & e—BEN—HN) Var(N) = T ( ON >
O /1,y
The fugacity z = ePH turns Q into a generating Var(N) Txr
function for the canonical sectors. N2 TV
THERMODYNAMICS COEXISTENCE
®;=-ThQ, dp As
d®; = —SdT — PdV — N du. Ka = KB ar =~ Av

Exchange turns equilibrium into a calculus: first derivatives give means, second derivatives give
fluctuations, and equal chemical potentials draw phase boundaries.
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STATISTICAL MECHANICS LECTURE 5

Formulation of Quantum
Statistics

Density operators, exchange symmetry, and the classical limit
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Why a density operator?

TWO LAYERS OF PROBABILITY WHAT MUST BE RETAINED?

A wavefunction already predicts Averaging the wavefunctions would lose
probabilities for measurements on one phase-sensitive information. Instead
system. average products of amplitudes:

An ensemble adds uncertainty about which
state was prepared.

*
Pmn = Aman.

| ¢(1)> ensemble average
\ The density operator stores exactly

[p®) the information needed to predict
/ every observable, without confusing
[p®)

quantum uncertainty with statistical
uncertainty.
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Definition and three essential properties

For an ensemble with preparation probabilities wy,

wkZO, Zwkzl

f=, il Wl
%

k
In a basis {|¢,)},
k) (k
Omn = Z wkagy,)ag1 >,
k
NORMALIZED HERMITIAN POSITIVE
Trpo=1. ol =p, Pmn=Pim xlelx) = 0.

Diagonal entries are measurement probabilities in the chosen basis; off-diagonal entries are coherences, not
transition probabilities.
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Dynamics and stationarity

Differentiate p = )}, wy[x)(x| and use the Schrodinger equation:

ihg = [H,p] |

This is the quantum counterpart of Liouville’s equation.

For a time-independent Hamiltonian, Stationarity removes coherences
equilibrium requires between different energies, but does
not by itself select Boltzmann
[H, p] = 0. weights.

In the energy basis, (Ey — En)Pmn = 0. Coherences may remain inside a degenerate

energy subspace.
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Every observable is a trace

For an observable G,

(G) = D, wi(Wk|Glk)
K

= Z PmnGnm = '
m,n

The trace is basis-independent. Choose the For an unnormalized statistical operator R,
representation that makes either p or G
simplest. (G) = Tr(RG).

TrR

This is convenient when R = e=FH,

The density operator specifies the ensemble; the Hamiltonian specifies the spectrum; the trace turns both
into measurable averages.
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Pure states and mixtures are not the same

In the basis {|0), |1)}, compare

|+> = M

V2

COHERENT PURE STATE INCOHERENT MIXTURE

1/1 1 1(1 0 1
‘O+=§(1 1)’ Trlo?i-zl‘ ple=§<0 1)’ Trplznixzz'
Both give probabilities 1/2,1/2 in this basis, but another measurement distinguishes them.

S =—Tr(plnp), Tr p? = 1 only for a pure state.

Statistical Mechanics - Lecture 5 - Quantum Statistics 6/19



Random phases and dephasing

Write a,, = |a,|e!®r. If relative phases are independently random,

ei®m=0n) = (m # n).

Therefore
Pmn = |am| |an|ei(9m—9n) = |ap|? Smn-
°
Dephasing is an ensemble statement
° in a specified basis. It does not
determine the diagonal populations,
° and it is not a universal property of

every mixed state.
only populations remain
Statistical Mechanics - Lecture 5 - Quantum Statistics 7/19



The three quantum ensembles

ENSEMBLE DENSITY OPERATOR
Microcanonical g A
Pme = T, = TrHE’A
Canonical e~ BHN
PN = , Qn =Trye FHy
On
Grand canonical e—BH-uN)
Pec=—"¢g

MEANING OF THE TRACE

Equal weight over physical states in
an energy window.

Trace over the physical N-particle
Hilbert space.

Trace over all N sectors;

Y= EN ZNQN.

Exchange symmetry determines which many-particle states belong in these traces. It is not an extra

correction appended afterwards.

Statistical Mechanics - Lecture 5 - Quantum Statistics
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Example: one spin in a magnetic field

= —u 0, and

For an electron, write 1,

H = —f1,B = usBo,.

With x = u¢B/T,

et 1 e 0
P= 3coshx _ 2coshx\ 0 &)

Hence

[{#2) = ps tanh(u,B/T) |

Statistical Mechanics - Lecture 5 - Quantum Statistics

1 4
.
=
~ 07
2
_1 —
T
=3 0 3
usB/T

Weak field: (u,) ~ u?B/T.
Strong field: saturation.
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Example: the free-particle heat kernel

For H = —#2V?/(2m) in a large periodic box,

K(.r'3f) = (e ) = oo f 43k @B ) ik )

The Fourier transform is Gaussian:

K(r,v';8) = —3 [—71'

|r—r’|2] h
At

g AT = .
/1%‘ 2mmT

The thermal wavelength Ar is the coherence length generated by imaginary-time propagation.
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Thermal wavelength and the classical energy

The normalized density kernel is The diagonal is uniform:
N o 1 |l’ - 1./|2 _ l
p(r, 1) = = exp[—ﬂ Z ] po(r,r) = v

The trace gives

|4 3
:; Q1=E, U=—5'gan1=§T
%_ 0.5
~
High temperature shortens
O A

off-diagonal coherence while the
quantum trace approaches the
classical ideal-gas energy.

Statistical Mechanics - Lecture 5 - Quantum Statistics 11/19
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Example: the harmonic oscillator

For a harmonic oscillator,

1
En=hw<n+§>

The energy basis turns the trace into a geometric sum:

(oo}
1
_ —Bhw(n+1/2) _
= e = .
A nZ::() 2 sinh(Bhw/2)
how Phw
= — coth{ — ).
U > cot ( > )
Low temperature: U — #w/2. High temperature: U — T.

The density operator is basis-independent; computational effort is not.
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Indistinguishability: count occupations

For noninteracting identical particles,

N
HZZI’I}, ZniZN, E=Zni€i.
j=1 i i
) Particle labels do not define different
(a,b) same occupation physical preparations.
° list
\ i = s An occupation list labels one
° (b.a) f:r(r)rsl(i);l;saiocvl\f;éd many-particle state; exchange
’ symmetry decides which lists are
i allowed.
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Exchange symmetry and Pauli exclusion

For two identical particles,

R,¥p = +¥5, R,¥Yf = Y.

BOSONS FERMIONS
¥y PO. _ 1
B D Wy = —= det[u; (q5)]-
PeSN V N!
Occupation numbers are unrestricted: If two complete one-particle states coincide,

two rows coincide and the determinant

n;=0,1,2,... vanishes: n; = 0 or 1.

Pauli exclusion applies to a complete one-particle state, including spin and all internal labels.
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The symmetry projector
In the labeled tensor-product space,

I, = %Pezsj Xn(PP, xs(P)=1, xp(P)=sgn(P).

Project the free-particle heat kernel into the bosonic or fermionic sector:

M(p propy— L T R
KN (R,R ,‘8) = W Z )(n(P)eXp —/1—22|ri—rp(i)| :| b
‘AT PeSy T i
Identity permutation: 1 Transposition (ij) on the diagonal:
(classical contribution) =2/t (first exchange correction)

Exchange matters when particles approach within one thermal wavelength.
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Quantum counting yields classical phase space

When the gas is dilute,

n <1

exchange permutations are rare. Retaining only the identity term gives

ov=maliy)
N=7 |2 .
N! ,13%

Equivalently,

Qn = N';L3N /d3Nq d3Npe_5zi Piz/(Zm)_

Quantum state counting supplies both the phase-space cell 43N and the Gibbs factor 1/N.

Statistical Mechanics - Lecture 5 - Quantum Statistics
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Exchange correlation without force

For two free identical particles in one internal state,

g.(r) =1+ e 2747 |

The upper sign is bosonic; the lower sign is for identical-spin fermions.

p Bosons bunch: g, (0) = 2.

—— bosons

g(r)

pIdentical-spin fermions have an
- - - fermions

exchange hole: g_(0) = 0.

p Both become uncorrelated for
r> Ar.
0 —

The Hamiltonian remains free; the

correlation comes from state counting.
Statistical Mechanics - Lecture 5 - Quantum Statistics
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The statistical potential

Define vy by e #Us(") = g(r):

+ 2/72
Bus(r) = —In[1 + e~ /23] |,
34 Y bosons Bosonic vy is attractive; fermionic vy
\ . . . . .
2 . - - - fermions is repulsive and diverges at the origin.
~ Y
~— \\
= 1+ S
Q S
0 *_/"‘)“_—"' It represents an equal-time pair
izl T x correlation, not a force. Longer cycles
0 0.5 1 need not be pairwise.
V/AT
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Lecture 5: the structure to retain

ENSEMBLES INDISTINGUISHABILITY

Bosons are symmetric; fermions are

p = wlb)Wil, ik = [H,p],
k

antisymmetric. The trace contains only
physical states.

(G) = Tr(pG). N

1 [V
<1 = QN:W(F)
e_ﬁHN e—ﬁ(H—#N) : T
loN - QN ’ IOGC - Q .

g (r) =1+ e 2/4%

The density operator organizes uncertainty; exchange symmetry reorganizes the states being counted.
Together they lead smoothly from quantum statistics to classical phase space.
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STATISTICAL MECHANICS LECTURE 6

The Theory of Simple Gases

Occupation statistics, fluctuations, pressure, and effusion
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The problem is counting, not dynamics

For an ideal gas,
H= Z njej.
J

The energy is additive. The nontrivial question is how many many-particle states
correspond to a given occupation profile.

THREE RULES The same one-particle spectrum produces

P Bosons: any occupation is allowed. different thermodynamics because the

P Fermions: each complete state holds at most one A EIHA S SEES NS @uuatl (il

particle.
P> Classical particles: exchange becomes negligible. Two routes meet at the same law: maximize
multiplicity, or factorize the grand sum.
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Coarse-graining the spectrum

Group nearby one-particle levels into narrow cells. Cell i has representative energy ¢;,
contains g; > 1 states, and holds n; particles.

€
The macroscopic constraints are
€3 ——— | gs states; nj particles
ZnizN, Zniei:E.
14 1
€ —— | g, states; n, particles
g; counts available states; n; counts particles.
Confusing them destroys the combinatorics.
€1 —————— | g states; ny particles
- Each cell is narrow on the thermal scale, yet

broad enough to contain many levels.
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Three counting rules

For one cell with n particles and g states:

STATISTICS MULTIPLICITY PHYSICAL RULE
Bose-Einstein o) n+g-—1 Stars and bars: empty states and
wg(n,g) = .
BULE n multiple occupancy are allowed.
Fermi-Dirac g Choose the occupied states;
Wg (l’l, g) =
n 0<n<g.
Maxwell-Boltzmann Wya(n g) _ g Classical state choices, with the
MBS n! Gibbs factor already included.

When n/g < 1, both quantum multiplicities reduce to the Maxwell-Boltzmann form.
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The dominant occupation profile

For large cells, the thermodynamic entropy is controlled by the profile of largest
multiplicity:

S ~ In W{n;}, W= H w;(n;, g;)-
i

Introduce a = —1 (Bose), a = +1 (Fermi), and a = 0 (Maxwell-Boltzmann). Stirling’s
approximation gives, for a = +1,

olnw; _ m(& _ a),
ani n;
Maximize

by :an—aZni—BZniei.
i i
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One formula, three statistics

The stationary condition is

Therefore the mean occupation per state is

fi= ng 1 _ 1
T g eatBaiyq  z-lefei 4 g
BOSONS FERMIONS CLASSICAL
fs — fr — Fup = ze7F°.

z-lefe —1° z-lePe +1°
A single sign decides whether a state can accumulate particles or saturates at one.
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Thermodynamic meaning of the multipliers

At the constrained maximum,

(%) _1 _Ey _E
ﬁ_(aE>N’V_T’ “‘(aN>EV_ T

s

Thus

— eBH
z = ePHK,
Substituting the occupation profile back into the entropy gives the bulk pressure:

PV 1
— == Zgi In(1 + aze=F&i) |,
T a%

The a — 0 limit is continuous. The multipliers become inverse temperature and minus chemical potential
divided by temperature.
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Why the canonical sum does not factorize

For individual one-particle states j,

= ¥ exp(—ﬁ;njej).

{I’lj}Z E] nij

each occupation is tied

: Although the energy is additive, the
to every other occupation

fixed-N constraint couples the modes.

n3
\ / The canonical partition function is

not a product of one-state sums
xjn =N because the occupations must add to
exactly N.
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The grand sum factorizes mode by mode

Multiply by zV and sum over all particle numbers. The global constraint disappears:

STATISTICS

Bose

Fermi

Classical

o=z, yj=ze".
J

ONE-STATE SUM For a = +1,
= (1 —v.)1 _ 1
Zi=0-y;) q:an=a;ln(1+ayj).
Zj=1+Yy; Differentiate one level:
) Yj
Zj=e (n))

- 1+ay;

Summing over N is exact: each occupation list belongs to one and only one particle-number sector.

Statistical Mechanics -
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Three occupation curves

Let x = (e — u). Then

fe=E-D7  fe=(E+DT,  fup=e"

pBosons require x > 0, or 4 < €.

= ' —— Fermi-Dirac P> Fermions approach unit occupation
' - - - Maxwell-Boltzmann for x < 0.
2 - © . .
' —— Bose-Einstein P All three agree when x > 1.

JX)

3 4 The classical limit is low occupation,
x = Ble — p) not simply high energy.
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One-mode fluctuations

A second derivative of q gives the occupation variance:

Var(n;) = f;(1 - af;)|

BOSONS FERMIONS CLASSICAL

Var(n) = f + f2. Var(n) = f — f2. Var(n) = f.
Bunching makes the Exclusion suppresses The variance equals the mean.
fluctuations fluctuations near full occupation.

super-Poissonian.

For a highly occupied Bose mode, Var(n)/ (n}z — 1: macroscopic occupation does not imply a sharply
defined occupation in the grand ensemble.
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The full one-mode distributions

The one-state partition function normalizes the complete probability law:

STATISTICS PROBABILITY OF OCCUPATION n DISTRIBUTION
Bose-Einstein Pr(n) = ik n=0.1.2 Geometric; most probable n
1 + fyn+r’ S is zero.
Fermi-Dirac Pr(0)=1-f, Pr(1)=f Bernoulli.
i -
Maxwell-Boltzmann Pr(n) = e~ fJd Poisson.
n!

A mean occupation and a most probable occupation are different statements. A Bose mode may have a large

mean but mode zero.
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When does quantum statistics matter?

For a nonrelativistic gas with one internal state,

3

The classical regime is
/13
niry <1,

or equivalently

2

2mm
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213

T > n

27TmT.

If there are g equally populated internal
states, the degeneracy per internal state
is

nis
'
Quantum statistics matters when thermal wave
packets overlap: A1 becomes comparable with

the mean spacing n~=/3.
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Pressure from the dispersion relation

For an isotropic gas with dispersion €(p),

_47'(T oo

=— p?In(1 + aze=P<®) dp.

0

Integrating by parts and writing u = de/ dp gives

P= %n(pu) L

This average uses the actual Bose, Fermi, or classical occupation function.

If € = Cp?, then pu = se and PV = sU/3. P Nonrelativistic: s = 2, so PV = 2U/3.
P Massless: s = 1,s0 PV = U/3.
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Pressure as momentum transfer

Particles with u, > 0 strike the wall at a

incoming wall rate proportional to u,. Specular
reflection transfers 2p, per collision:
2p, to wall P= Zn/ p,u,F(u)d3u.
u;>0
Extend the even integrand to the full
sphere and use isotropy:
reflected

1
P =n(pyu;) = §n<pu> .
Thermodynamic pressure is momentum flux into a boundary.
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Effusion through a small aperture

Replace a small part of the wall by a hole. The
outward number flux is

isotropic gas

R= n/ u,F(u)d3u.
uz>0

Write u, = ucos 6. Isotropy separates speed aperture
from direction:

5 The factor 1/4 is half-space selection
f cos0dQ =7, p(u)=4muF(w). multiplied by the average projection cos 6.
outward
R = ln (uy | The aperture must be ballistic: effusion is not
4 h .
ydrodynamic flow.
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Why effusion cools a gas

The probability that a particle escapes is weighted by its speed. The escaping speed
distribution is

Pesc(u) o u p(u).
For a classical Maxwell gas,

DPesc(U) o ude—mut/(2T)

3
<€>esc = 2T, <€>bulk = ET'

Fast particles reach the aperture more often. They remove more than the average energy per particle, so
the re-equilibrating gas left behind cools. The same outward-hemisphere geometry reappears for
blackbody radiation as the factor c/4.
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Lecture 6: the structure to retain

OCCUPATION STATISTICS MOTION AND FLUX
f(e)=;, a=-1,+1,0. P=1n<pu>, ¢ p' = PV = 2U.
z-lefe + g 3 3

1 3
— (5]
q= Ej In(1 + aze F%)).

Var(n) = f(1 — af).

Counting fixes the occupation law; derivatives fix its fluctuations; momentum transfer gives pressure;
directional flux explains effusion.
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STATISTICAL MECHANICS LECTURE 7

Ideal Bose Systems

Condensation, saturation, and blackbody radiation

Tsvi Tlusty - UNIST Convention: kg =1




One Bose rule, two thermodynamic constraints

MASSIVE BOSONS PHOTONS

Particle number is conserved. The Matter can create and absorb

chemical potential adjusts so that the photons. Photon number is not

imposed density is maintained. constrained, so equilibrium fixes

u=0.
1 1
N=) ——, z=efr<1. Nyg) = .

If the excited states saturate, excess particles must The same Bose law now determines a
accumulate in the ground state. temperature-controlled radiation spectrum.

The counting rule is identical; the constraint is not. That difference separates condensation from blackbody

radiation.
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The continuum can erase the ground state

For a large three-dimensional box,
D(e)de = Z;I_3V(2m)3/2€1/2 de.

The density of states vanishes at € = 0, yet the discrete ground state is one genuine quantum state.

c il T T Separate it before replacing the excited-state

quasi-continuous sum by an integral:
z
N =Ny +N,, Ny = ,
0 e 0=71_2
D(e)de
N = [ _DEde_
z-lefe — 1’
An isolated point has zero measure in the integral, but
discrete ground state its occupation can be of order N.
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Bose functions organize the thermodynamics

Define

1 * xs=ldx o z¢
8:(2) = F(s)_£ z-lex —1 /,;1 o5

with zdg,/dz = g,_1(2).
GRAND POTENTIAL PARTICLE NUMBER

z
1—2z

174 |4
q=InQ=—-In(1-2)+ Egm(z). N = e Egyz(z),

The ground state contributes one logarithm to g, but it may contribute an extensive number of particles to N.
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The condensate carries number, not pressure

If Ny < N, then

Ny
= ,
Ny +1

—In(1 — z) = In(Ny + 1).

Thus the ground-state contribution to q/V vanishes as In N/V, while N,/V remains finite.

The bulk pressure comes from the excited The energy is
continuum:
3VvT 3
T U= El—3g5/2(Z), U= EPV
= /1—385/2(2) - i
T

The zero-energy ground state has no volume derivative in this model. Macroscopic occupation need not
imply macroscopic pressure or energy.
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The classical limit is small fugacity

When nd3 < 1, the fugacity is small:

2
g(z)=z+ 5 + -

LEADING ORDER FIRST BOSE CORRECTION

Tz PV ni3

nl3 ~ z, P~ == =nT. v __Mr 2

/1% NT 1 512 +O((n/1 ) )
The Maxwell-Boltzmann equation of state is The negative sign is the thermodynamic trace of
recovered. bosonic bunching.

The dilute expansion cannot reveal condensation, where z — 1 and the discrete ground state becomes

essential.
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Excited states have a finite capacity

¢G12) g32(1) = {(3/2) ~ 2.612.
2 —
_ Therefore
N
(S
3 Vv
17 N™X(T) = 54(3/2) |
At
0 Increasing u fills the excited states, but u
T |
0 0.5 1 cannot exceed the ground-state energy.
z At fixed T, the excited cloud has a true

maximum capacity.

Statistical Mechanics - Lecture 7 - Ideal Bose Systems 7/20



Critical temperature from capacity

Condensation begins when the imposed number first equals the maximum number that
the excited states can hold:

N 27T, 3/2
N=N"*T,)=V 2 ¢(3/2).
h2 . 2/3
¢ 2mm [ $(3/2) ]

ABOVE T, BELOW T,

A fugacity z < 1 accommodates the particles in The bulk fugacity is pinned at z — 1. The
excited states; No/N — 0. excited population falls as T3/2; the excess
T, is fixed by density and mass, not fitted. occupies the ground state.
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The condensate fraction follows from saturation

ForT < T,
3/2
=l T
: n=n(z)
S @
<
: _No/N
3 --- N,/N Therefore
= 3/2
N,
B (1) I
‘ N T.
1.5

For a finite system, z remains slightly
below one: 1 — z ~ 1/N,,.
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Condensation occurs in state space

thermally occupied
excited states

one state with
macroscopic occupation

Statistical Mechanics - Lecture 7 - Ideal Bose Systems

Bose-Einstein condensation is
macroscopic occupation of a single
one-particle state.

In a uniform box that state is spatially
extended. Condensation therefore does
not mean that an attractive force has
formed a real-space droplet.

The condensate and thermal cloud are
components of the same gas, not automatically
two spatial phases.

10/20



Pressure and energy through T,

34 -
ideal Bose gas -
- - - classical gas
S 24
<
=
4
N
Y 1 4
0.5135
0= T T \
0 1 2 3

T/T,
The same curve gives 2U/(3NT,). Above T, determine
z(T) from the particle-number equation.

Statistical Mechanics - Lecture 7 - Ideal Bose Systems

Below T,

T
P= /1—3;(5/2) x T5/2,
T

At the transition,

2 5/2
£ _ G o513,
nT.  {(3/2)

Adding condensate particles at fixed
T < T, does not change the ideal-gas

pressure.
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The ideal gas has a finite heat-capacity cusp

Below T,
1.9257
2 Cr _ 154512 (1)”
N~ 4¢@2)\T.)
&=
5o
At T,
C
—¥ ~1.9257.
N
0 T T \
0 1 2 3
T/T, Cy is continuous, but its slope jumps. At
The ideal gas predicts a cusp, not the sharp A anomaly of high T, Cy/N - 3/2.
interacting liquid helium.
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What the ideal gas explains—and what it does not

WHAT SURVIVES WHAT REQUIRES INTERACTIONS
» A quantum-degeneracy scale set by ni3. p The quantitative behavior of liquid
4
p Macroscopic occupation of one state 150,
below a critical temperature. p The sharp A anomaly.
p A thermodynamic signature near T,. p Finite compressibility and collective
sound.

p A natural framework for dilute ultracold
atomic gases. p The relation between condensate
fraction and superfluid fraction.

Condensation and superfluidity are related but distinct statements. The ideal-gas condensate is not a
complete theory of a superfluid liquid.
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Photons: the same Bose law with u =0

A photon mode is labeled by wavevector k and transverse polarization o = 1, 2:

€x = hawy = fclk|, k-e,=0.

e Because the walls emit and absorb photons,
u=0, Z =1
k . .
Each mode is a Bose oscillator:
two transverse P 1 _ 1
e, polarizations ko = _ e—Bhw,’ (o) = ebhw, _ 1"

Count the two polarizations once: in the mode density or an explicit polarization sum, never both.
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Mode counting gives Planck’s spectrum

Including both polarizations, the number of modes in [w, w + dw] is

2

Vo
Dy(w)dw = pyy dow.

Multiply by the mean energy per mode:

hw
how (n) = Tt 1"
hw3 1
Ua(T) = w23 ehw/T — 1 |

U, dw is energy per volume in an angular-frequency interval: mode density times photon energy times Bose
occupation.
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Why radiation scales as T*

Set x = ha/T:
=Y T4 ® x3dx
TV omhicd J, ex—1'
Use the Bose expansion Then
1 —ex ® x3dx 4
=2,€7 =6y ¢4=".
=1 ; 'é ex —1 8221 15
m® T
W= =
15 (hc)3

Three powers of T' count accessible modes; one more comes from the energy carried by each photon.
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Radiation thermodynamics

For the linear dispersion € = cp, Therefore
u m* T4 4U 4U
= o = =0 S:—, C=—.
3~ 45 (he)? 3T Yo
Because u = 0, Explicitly,
U 2 3
G=0, A=-PV=-2, c, =V "
5 15 (hc)3

Once u(T) is known, pressure, free energy, entropy, and heat capacity follow without introducing a
photon chemical potential.
Statistical Mechanics - Lecture 7 - Ideal Bose Systems 17/20



Blackbody flux is cu/4

A ray at angle O crosses the aperture

with projection factor cos 6:
isotropic
radiation
cu
dA <------------o = I= e cos 6dQ.
normal T Joutward
Since
outward
hemisphere f cos9dQ =7,
outward
The same half-space projection factor appeared in c 2
. . . 4
molecular effusion. Directional geometry, not a new IT=-u=—
4 60713 c2

thermodynamic assumption, produces the 1/4.
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Planck’s law joins two limiting regimes

. For x <« 1,
1.5 ,' —— Planck
i PR - - - Wien tail TwZ
1 ’ N\ . ~
= i oz ----- Rayleigh-Jeans Uy = 1203
1 Sy
L i/
h) .l 1
< s For x > 1,
Rk K
0.5 i f ¢
N 7
1
i hCU3 —hw/T
) Uy = ?e .
’ e
0 T T T \
4 6 8
The exact spectrum peaks at x ~ 2.821.

0
x = hw/T
The low-frequency classical law rises as w?; the quantum exponential tail prevents the ultraviolet
19/20

catastrophe.
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Lecture 7: the structure to retain

CONSERVED MASSIVE BOSONS EQUILIBRIUM PHOTONS
|4 T haw’ 1
N=Ny+ — (Z), P=— (Z). =0 u, =———
0 /1%83/2 A%—- g5/2 M 5 105) 71'203 ehw/T 1
1%4 Ny T4 u G
Nmax = —_¢(3/2), =2 =1—(T/T,)%2. U=———, P==, I=-u

N s N ¢ 15(he)>’ 3
The ground state carries number but no bulk pressure Photon number adjusts; temperature fixes the
in the ideal model. spectrum.

One Bose counting rule, two constraints: fixed particle number produces saturation and condensation;
variable photon number produces Planck radiation.
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