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A more general inverse problem: 

Can you chisel a stone that would roll along  

an arbitrary periodic trajectory?

Such stones called TRAJECTOIDS almost always exist 

- a mathematical property of the rotation group 

- with some potential applications
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OUTLINE

• Introduction – the rolling problem

• Finite – fast

• Infinite – main result

• This transcends from rolling to the general context rotation group\parallel transport

• There are natural application in anything that rotates… 



The basic setting

— Draw a curve T on a plane.

— Copy it to form an infinite periodic trajectory T∞

— Incline the plane slightly.

T

T∞

Find a solid body — a ‘trajectoid’ — that  rolls exactly along T∞

without slipping or pivoting (spinning).
Pieter Arentsz II



The simplest trajectoid is the cylinder 

that rolls along a straight line



Solid that rolls along a general curvilinear path 

– a trajectoid –can be obtained by “shaving”
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Finite path

Please ask questions during the talk
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The heavy core of the trajectoid traces the path 

while the locally cylindrical shell constrains it to the path

Thin shell Thick shell 



Finite path

Limit    r∞



A trajectoid must periodically regain its initial 3D orientation

n-period trajectoid exists for T∞ if there is a ball r > 0 (its core) that

after rolling along n periods regains its original orientation (without slipping or pivoting) 

Infinite periodic path

T

translationally 

invariant  T∞



It is natural to discuss the trajectoid problem in terms 

of rotations acting on the heavy core 

Planar path  defined by normal 𝐧𝐧 𝒕𝒕 = 𝚨𝚨𝚨𝚨

Each segment 𝜹𝜹𝜹𝜹 induces a rotation by 𝜹𝜹𝜹𝜹/r around n(t)

Regaining orientation 
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Tracing the path on the sphere conserves the geodesic (in-plane) curvature

same contact point 

regaining (path  closes on sphere) 

orientation
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Path of a trajectoid encloses half of the sphere area

From Gauss-Bonnet theorem

applied to a sphere

( ) 2ds dt tκ π   + =   
   ∫ ∫

manifold boundary

Gaussian Euler

curvature characteristic

2
( ) 2

S
dt t

r
κ π+ =∫

boundary

Invariance of 
geodesic curvature
(think of metal strip)



The difficulty of finding a trajectoid sharply depends on the number of periods:

2-period trajectories 
almost always exist

1-period trajectories 
almost never exist



The TPT theorem (two-period trajectoid) explains their generic existence

Definition: Path T∞ has the property π

if rolling a sphere r > 0 along the period T,  together 

with a great arc, encloses an area S = ±π r2.

shrinking r



The TPT theorem:

A two-period trajectoid (TPT) can be

constructed for T that has the property π.

boundary

GB theorem:

( )dt tκ π=∫

radius∞ small radius



experimental

Property π is obeyed by a rich variety of paths (‘almost any’)



… also for convoluted self-intersecting paths

spiral + noise

2D random walk v

v

please ask questions during the talk



1 inch

Build your own trajectoid at
https://colab.research.google.com/drive/1XZ7Lf6pZu6nzEuqt_dUCHormeSbCCMlP  



n-period trajectoids almost always exist for any n  ≥ 2

Construction using the 2π/n property  Trajectoids have Cn symmetry.

periods1 2 3 4 5

almost 
always

solutions

almost 
never

Please ask questions during the talk



TPT is a simple general feature of the rotation group SO(3)
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Conjecture and experimental fact: 2-period trajectoids exist for almost any path.

Theorem: for any path, an m-period trajectoid exists for a finite m.



Therefore, TPT can be translated to other physical systems governed by SO(3)

‘Almost any’ planar field pulse n(t) 

– scaled by an appropriate  r > 0 and applied twice –

will return the system exactly to its original state. 
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Planar magnetic pulses can be rescaled such that the doubled 

pulse returns the dipole to its initial orientation
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Rotation of a qubit in an electric field can be rescaled 

to return to the original state by applying TPT

Bloch vector       in electric field                           (resonance          )

turns at  angular velocity 
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Analogous application applies to NMR pulses with planar B(t)



Light passing through ‘almost any’ stack of waveplates returns to 

original polarization if the stack is rescaled and doubled by TPT
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Why two-period trajectoids are generic?
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TRAJECTOIDS  for almost any path exist

- a mathematical property of the rotation group 

- with some applications in SO(3) systems
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- Why 2-period paths are dense?

- More applications?

- Generalization to higher dimensions?



There are rare symmetric  paths for which trajectoids exist only for  N > Nmin

minN

πβ <



NMR…
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