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Many physical systems—like dipoles, spins, and qubits—are governed by SU(2) or SO(3)

Consider a spin or magnetic dipole Ys(1) evolving under the
\lfstart\ / Vend

influence of a complicated magnetic field pulse B(t).

Question: Can we make the pulse rewind the system to its original state?

Result: YES—scale the pulse and apply it twice (or more), and the system returns to its original state

B(A1)
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1. The result.

2. Where this begins: rolling along infinite wiggly paths on the plane.
3. Underlying physical intuition: Walks in Lie groups and random rotation ensembles

4. Mathematical framing: Diophantine equations and Minkowski's theorem

5. Conclusion: Is this trick useful for anything?
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2. ROLLING

Minnesota Fats and Eddie Felson
The Hustler (1961)



Ben-Hur (1959)












But let’s look at the more general inverse problem:

[s it possible to carve a shape that

rolls along any given periodic path?

Sobolev et al. Nature 2023; Eckmann et al. AMS Notices 2024



THE BASIC SETTING

— Draw a curve T on a plane.

— Repeat the curve to construct an infinite periodic path, T

— Tilt a bit the plane slightly (or roll by hand)
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Now, sculpt a solid body - a "trajectoid” - that rolls

perfectly along T without slipping or pivoting (spinning).



The LOCAL problem of rolling along a general

path is solved by a “shaving” construction




These trajectoids are produced in a simple 3D printer




To solve the GLOBAL problem:

A trajectoid must periodically regain its initial 3D orientation

-

after rolling along n periods regains its original orientation (without slipping or pivoting)

n-period trajectoid exists for T_ if thereis a ball r > O (its core) that



The trajectoid problem naturdlly reduces

to tracking how the core rotates as it rolls

Area Area

Path AQ defined by normal n(t)

Each segment &t induces a rotation by 8t /7 around n(t)

Spheri’c_:_a_ll

curve AQ
ot ~
R =exp —( (f/.)-L)
r
rotation group generators
Regaining orientation = overall rotation is the identity: 0 0 0 0 0 - 0 1 0
L={0 0 4| L=[00 0] L=[1 00
| @ - 01 0 10 0 0 0
RAQ_HR,._T exp(:J-A dfn(f)-Lj =1

Wf please ask questions during the talk



Experimental fact

The difficulty of finding a trajectoid depends sharply on the number of periods

solutions
A
almost almost
never always
e e S >
1-period trajectories 2 -period trajectories 1 2 3 4 5 periods

almost never exist almost always exist



Almost any path allows trajectoids with multiple periods—two or more.

Repeated period

experimental
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—— Theory
—— Experiment

W Build your own trajectoid at

https://colab.research.google.com/drive/1XZ7Lf 6pZubnzEugt _dUCHormeSbCCMIP



This remains true also for extremely convoluted self -intersecting paths

spiral + noise

End of
second
period

Rolling ball

to scale e
00 02 04 06 08 1.0
Distance along the period

2D random walk

Rolling ball
to scale

End of
second
period




3. Walks in Lie groups:

To grasp this experimental conjecture, forget

rolling and study the rotation group directly.

Eckmann et al. arXiv:2502.14367



Rotation product are walks in the 3D manifold of SO(3)

Rotation R € SO(3) is specified by 3 parameters, rotation group generators
00 0 0 0 - 0 -1 0
e.g. an axis n and rotation angle @ (0, 7] L=lo 0o alce={oo o|L={1 0 o0
01 0 10 0 0 0 0

Rin.ay=e™)

B(1)
. . . 5 \|j \Vend
In terms of the field: the axis is n=B and the angle @ ~ |B| start

—

H(t+)=—-B(#) 7/§ ., S= ihL (y = gyromagnetic ratio)

UtH — _-hH _ edf7B<f>E _ e(df)/B(f))(fB(f)l:) _ eda)(n(f)-E) i e



Series of rotations can be visualized as walks inside a ball (actudlly RP°)

Map a rotation R(n, @) — r=nw®. a point in a ball of radius 7 :
—Identity R(n,0) =1is the center

— -rotations are surface with antipodes identified, R(n, 7) =R(n,—7).

2:1 Mapping fromSU(2) = S* to SO(3)=RP°: (‘\ r \c
o(nL Lo(n& D =\ . ;
Rh.w)=e ) — xU, U(n,%(t))ze2 (v5) =Icos7—|—(n-0)sm? \S‘ -}'\ws/
LA @; (\
or to unit quaternions: R(n,w) > tq. q=cos%+sin%n ~e_ A

with the Pauli matrices o = (GX .0,.0, )
Altmann, Rotations, quaternions, and double groups, 2005



In terms of walks in the SO(3) ball:

N
Q: Given a general product of rotations, the walk W = HR/ =R,...R,R,.
i=1

Find a scaling factor 4 >0 of all matrices [R(n,a))]/1 =R(n. Aw),

N
suchthat  W(A)= HR,}“ =17 (returning “home")
i=1

RESULT: The problem is dmost always solvable if the walk is repeated more than once.

[W(/I)]m =1, for any integer m > 2, but almost never for m=1.

B(At) B(At)
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3. Walks in Lie groups and random rotation ensembles

One may tackle the problem probabilistically:
Test multiple values of A and see if W(A)—1.

Eckmann et al. arXiv:2502.14367



We therefore need to think about the ensemble of random rotations

’ ’&?.nfxigi Fonn,
neh g

A hallmark of randomly drawn rotations is that

they evenly distribute points on the sphere.

This is achieved by the Haar measure:

du(n,w) =u—jzz(] —cos a))da)dn (axis n, angle ®)

So the distribution () of rotation angle is biased

£ (@) dow=

neS?

Miles , Biometrika (1965)

Rummler, Math. Intelligencer (2002)
0@~ Please ask questions during the talk



But powers of random rotation distribute uniformly

Repeating twice a rotation by @, give a rotation by 2®, - 2/T

folded onto [0, 7] by the symmetry R(n, @) =R(—n.27 — w)

(0=min{2(01,27r—20)]}
[ (@), m=2

AN A Aaa

AAL A M AL ASOA AN A
VWS AUy WAy

1/m

So the distribution £, (@) of doubled rotation angles is

probability distribution

£, (@) :%(] —cos%)+#(] _005_27[2—a)) =1
A version of the Diaconis shuffling transition 0 .
0 /2 T
for random walks in SO(3). For any m>2, rotation angle

£ (@)=L
Diaconis & Shahshahan (1987)

Rains (2003)



Close to 1, there are very few random rotations,

but many powers R™ (m > 2) of random rotations

M /7T

Because there's only one identity R(n,0) =1
1/

but a whole 2D manifold of identity roots [R(n,ﬂ)]2:1

probability distribution

0 /2 T

rotation angle



By varying the scaling factor A, one samples the ensemble of random walks

Single walks almost never return home: :

But double (or triple...) walks ~ u U m
<
have many solutions: o
s L
)
&
f ()= % @
i W V

ﬁ(a))z%(]—cosa))%#a)z




SU(2) shows a similar sharp threshold, g(@)=L(1—cos2w)

T

only at m=>3 ot |

Unm |

0
0 7l2 iy
W
And varying A (histogram) samples quite well the random ensemble _
Il gl =L(1-coso)
1n
0
0 /2 s



U. This was a probabilistic argument.

To show that scdling + doubling returns the system precisely to
the origin, we use the multiplication rule of SU(2) (Rodrigues)

and a Diophantine equation (Conway & Jones).

Eckmann et al. arXiv:2502.14367



THEOREM [Double walks returning to 1 are abundant]:
Let tw > 0.,j=1....N3 be the angles of rotation of N rotations R,

Then, there is a 1>0 for which [W(1)]° :[R,}V“ -R,’Vl_] . ..-Rf“]2 =1

LEMMA (Single walks returning to 1 are rarel:

Except for trivial cases

PR A (/) no rotation: W(A =0)=1.
WA)=R; ‘R, -...-R" = 1for some A >0 (1) identity o begin with: WA =D =1,

The identity can only be reached by a single walk

if all rotation axes are collinear, or if all rotation angles (i) single rotation: WD) = R(n, @) so W( 2 ) _1

are commensurate, which are cases of negligible measure.



Rodrigues’ formula for combining rotations is the multiplication rule of SU(2)

Definitions

— R,.j=1....N. are N rotations with rotation angles @ and axesn .
— W) =R R}, ...-R" is the scaled walk,

- wld) = Rj“ -Rf_] ...-R" are partial scaled walks

with total rotation angles ¢(4)  and axes a(1),

PROOF of lemma (single walks returning to 1 are rare)

We recursively decompose the walk W. The first step W(A) = R,ﬁ -w(Ad), ]

cosTP(A), =cosTP(A),  cosT A, —sinTP(A), . sinTAw, [nN °C|(Z)N_]]

= x(A), cos| (P, + Aa, ) |~[ %), =1 ]eos| L($(A),, - Aay,) |

where x(1), = ][an -a(/i)k_]] so 0<x(A) <.

—2
Olinde Rodrigues (1840)



coszP(A), =cosgP(A),  cos1 A@, —sinz@P(A),  sintAw, [nN -a(/l)N_]:I

=x(A), cos| L(PA),., + A, ) |~ x(A), —TJeos| 2($A), ., — A, ) |

Now, if W(A)=1then ¢(4), =0, and cos;#(1), =1. Two possibilities:

(i) The rotations are colinear, n,, -a(A), . ==I, and x(1), €20,13.

This case is of measure O in choice of a(4), _, once n,, is given.

(ii) Both cosines are 1, cos B(gb(/l),v_] tAw, )} =1.
So, %(¢(ﬂu),\,_1 +Aw, ) =270, and %(¢(Z)N_] —w,)=27p,. with a,,. B, integers.
Therefore, Ao, =27 (a, - f3,) and $(A),  =27(a, + B,) = costp(A),  =1.
Then, we continue the recursion and get for all K =12,....N

Ao, =27z(ak -, )

that is all rotation angles @, are commensurate, which is of measure 0. O



The double walk theorem is a trigonometric Diophantine problem

THEOREM [Double walks returning to 1 are abundant]:
Let tw, > 0O, j=1.....N3 be the angles of rotation of N rotations R,

Then, there is a >0 for which [W(1))* = [R,)V“ -Rfvﬂ] . ..-Rf“]2 = 1.

PROOF

Using Rodrigues formula recursively, we find

N
coszP(A), = I I cosy A@, +Rem.
J=i

where Rem is a sum of / products that contain at least one sine,sin%/la)J.

and factors <1 (dot and cross product of unit vectors).



=

cosy (1), =] | cosy 4@, +Rem

J=I

For the talk assume N is odd. Now, we have a Diophantine problem:

We look for A for which dll cos%/l_coj ~—1 and dll sin%/l_a)J. ~0.

ﬂdouble(x)

For this we need - Aw . =n.TT, with odd n,.

19smgleO\')

2
‘Sf and have cos- (1 ), =—1+0(g) <0 (£ =no.of terms in Rem)

We can take ‘noa)J. —n;

Since cos5@(0), =1, by continuity there is A, with cos-¢(A), =0.
There, ;¢(4), =% and ¢(L.), =7.

This solves the probelm since [W(& )]2 =1.



The trigonometric Diophantine problem is solved using Minkowski's theorem

Minkowski's Theorem: Take a lattice in R" s % & ® » % 4 5 @ &

and a set S convex and symmetric w.r.t. O. e o o o o o o o o o

Then if Volume(S) > 2" x Volume(Cell) °

then S must contain a non-zero point of the lattice.

To find a solution in the lattice defined by %a) [ =Ny@; =n; € odd Z,

we construct a convex “needle’ symmetric w.r.t.

with a volume 2" x Volume(cell) = 2"+ x 2"

2&
Sz{(no,n],...,nN)eRHN: |nO|S—N, ‘noa)J—n.‘S?,j=1,...,N}. (/ =no. of terms in Rem)

2
This ensures the condition for cos@(1 ), <0 and therefore cos7¢@(4), =0. so [W(& )J =1. O



5. What is it good for?



Rotation of a qubit in electric field can be rescaled to

return to the original state by applying thetheorem

Bloch vector b in electric field £(hcos(at—y () (resonance o, =% )

turns at angular velocity n(t)=—22E£(#)(cosy (+).sinp (1),0).

"Ny Qubit b (#)
—state

§ y h‘

E(t)— rE®)

! «

\ —
—————————

Field strength
a.u
o

= |Input pulse
== Scaled in magnitude
== Scaled in time

0.2 0.4 0.6 0.8 1.0 1.2 1.4
Time, a.u.

|
-
1

‘b(f)) = cos%‘0>+e'¢ sin%‘])
& b(#)=(sinBcos P, sinOsing, cos O)

N
o
L

Phase shift,
rad

o
2
o

EH)—>EMrD, wt)—>wlrt)
@ Analogous application applies to



Light passing through "almost any’ stack of waveplates returns to

original polarization if the stack is rescaled and doubled

(/ 8 S Polari- Polarization vector of light passing a thin uniaxial waveplate rotates
I Ty '
S . Y ILT l ZatlonS: by an angle o7, plate thickness around axis n(f) = (cos w (1), siny (7‘),0).

1 _ . .
(> = waveplate optical axis)

S P

Scaled

thicknesses Doubled sequence

with scaled thicknesses

f

So=1=E2+E? ( |

Si=Q=E2—E?

Sy = U = 2EE, cosd

S3 =V =2EE, sind
Given sequence
of waveplates with

certain orientations

and thicknesses Light beam
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