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Many physical systems—like dipoles, spins, and qubits—are governed by SU(2) or SO(3)

Consider a spin or magnetic dipole ψ(t) evolving under the 

influence of a complicated magnetic field pulse B(t).

Question: Can we make the pulse rewind the system to its original state?     

B(t)

ψendψstart

Result: YES—scale the pulse and apply it twice (or more), and the system returns to its original state

ψstart

B(t)
B(λt) B(λt)

ψend



Outline: Walks in rotation spaces return home when doubled and scaled

1. The result.

2. Where this begins: rolling along infinite wiggly paths on the plane.

3. Underlying physical intuition: Walks in Lie groups and random rotation ensembles  

4. Mathematical framing: Diophantine equations and Minkowski’s theorem

5. Conclusion:    Is this trick useful for anything?

Please ask questions during the talk



Archetypes of rolling

Minnesota Fats and Eddie Felson 
The Hustler (1961)

2. ROLLING



Ben-Hur  (1959)



Artists, engineers, and mathematicians discovered 

more exotically shaped solid rollers

Paul Schatz: The Oloid  (1933) 
David Hirsch,  The Sphericon (1980)









But let’s look at the more general inverse problem: 

Is it possible to carve a shape that 

rolls along any given periodic path?

Sobolev et al. Nature 2023;   Eckmann et al.  AMS Notices 2024



The basic setting

— Draw a curve T on a plane.

— Repeat the curve to construct an infinite periodic path, 𝑇𝑇∞

— Tilt a bit the plane slightly (or roll by hand)

T

T∞
Now, sculpt a solid body – a ‘trajectoid’ – that rolls 

perfectly along T∞ without slipping or pivoting (spinning).

Pieter Arentsz II



The LOCAL problem of rolling along a general 

path is solved by a “shaving” construction

R
r

CM

shell

heavy core



These trajectoids are produced in a simple 3D printer



To solve the GLOBAL problem:

A trajectoid must periodically regain its initial 3D orientation

n-period trajectoid exists for T∞ if there is a ball r > 0 (its core) that

after rolling along n periods regains its original orientation (without slipping or pivoting) 

T

translationally 

invariant  T∞



The trajectoid problem naturally reduces 

to tracking how the core rotates as it rolls 

Path 𝚨𝚨𝚨𝚨 defined by normal 𝐧𝐧 𝒕𝒕

Each segment 𝜹𝜹𝜹𝜹 induces a rotation by 𝜹𝜹𝜹𝜹/𝒓𝒓 around n(t)

Regaining orientation  overall rotation is the identity:
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Experimental fact

The difficulty of finding a trajectoid depends sharply on the number of periods

2-period trajectories 
almost always exist

1-period trajectories 
almost never exist

periods1 2 3 4 5

almost 
always

solutions

almost 
never



experimental

Almost any path allows trajectoids with multiple periods—two or more.



1 inch

Build your own trajectoid at
https://colab.research.google.com/drive/1XZ7Lf6pZu6nzEuqt_dUCHormeSbCCMlP  



This remains true also for extremely convoluted self-intersecting paths

spiral + noise

2D random walk
v

v



3. Walks in Lie groups:

To grasp this experimental conjecture, forget 

rolling and study the rotation group directly.

Eckmann et al. arXiv:2502.14367 



Rotation product are walks in the 3D manifold of SO(3)
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Series of rotations can be visualized as walks inside a ball (actually        )3


( ) ( ) ( ) ( )2

3 3

1
2 2 2

2 2

SU(2) SO(3) :

cos sin( , ) , ,

( , ) , cos sin

i

S

e e
ω ω σ ω ω

ω ω

ω ω σ

ω

⋅ ⋅

≅

=

≅

+= ± = ⋅

± = +

n L n

                                                       

2:1 Mapping f

I

rom  to 

R n U U n n

or to unit quaternions:          R n  q q n















( ), , zx yσ σ σ σ=       with the Pauli matrices 


Altmann, Rotations, quaternions, and double groups, 2005

( , ) , :

( ,0)

( , ) ( , ).

ω ω π

π π π

=
− =
− = −

Map a rotation R n r n  a point in a ball of radius 

Identity R n 1 is the center 

-rotations are surface with antipodes identified, R n R n





In terms of walks in the SO(3) ball:
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3. Walks in Lie groups and random rotation ensembles

One may tackle the problem probabilistically: 

Test multiple values of λ and see if 𝑊𝑊(𝜆𝜆)→1.

Eckmann et al. arXiv:2502.14367 



We therefore need to think about the ensemble of random rotations
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But powers of random rotation distribute uniformly 
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Close to 1, there are very few random rotations, 

but many powers Rm (m ≥ 2) of random rotations
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By varying the scaling factor λ, one samples the ensemble of random walks
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SU(2) shows a similar sharp threshold, 
only at m ≥ 3
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4. This was a probabilistic argument. 

To show that scaling + doubling  returns the system precisely to 

the origin, we use the multiplication rule of SU(2) (Rodrigues) 

and a Diophantine equation (Conway & Jones).

Eckmann et al. arXiv:2502.14367 
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Rodrigues’ formula for combining rotations is the multiplication rule of SU(2)
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The double walk theorem is a trigonometric Diophantine problem
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The trigonometric Diophantine problem is solved using Minkowski’s theorem
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5. What is it good for?



Rotation of a qubit in electric field can be rescaled to 

return to the original state by applying thetheorem

Bloch vector       in electric field                           (resonance          )

turns at  angular velocity 
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Light passing through ‘almost any’ stack of waveplates returns to 

original polarization if the stack is rescaled and doubled
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